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Problem 1. Consider the following finite element triple:
e K = arectangle with vertices {a’}, i = 1,2,3,4.
o P=(? :span{x’ixé; i,7=0,...,3}.

e N = {p(a?),p1(a®),p2(a’),p12(a’), i = 1,2,3,4}. (Here p; denotes differentiation with re-
spect to x;).

a. Show that the above finite element is unisolvent.

Solution: For simplicity, we will work on the unit square K with vertices

{ai} = {(O’O)v (1’0)7 (17 1)? (Oa 1)}

Working on the reference element is satisfactory due to the affine equivalence of finite elements.
Recall the definition:

Definition: Let T, be a triangulation of Q c R?, K € T;,, Pk a finite dimensional vector
space of functions defined on K, and X g the space of linear forms mapping Px to R. Let further
(K,Pk,if(), be a reference element. Then, the finite elements (K, Px,Yk), K € Ty, are said
to be affine equivalent to the reference element (K,Pk,ﬁk), if there exists an invertible affine
mapping F : R - R such that for all K € Tj,

K = Fi(K) (1)
Px={p: K>R|p=poFy, pe Py} (2)
ZK:{&:PK—>R|£Z-:@OF[}1,éieflk,1§z’§nK}. (3)

The idea is that the unisolvence on the reference element can be “transferred” to the physical
elements. Let f € P, then notice that for f restricted to the edge [0,1] x {z3 = 0}, f is a third



degree polynomial. It can be seen that since f is zero at two points and f is zero at two points,
then f will be identically zero on that edge. Similarly, we can show that f =0 on the other three
edges of our square. This implies that our function has the following form,

f(z1,22) = 1 (21 = D)@ (22 - 1)y(21, 22),

where « is a of the form ~v(z1,22) = a + bxy + cro + drixe. Now consider the mixed partial
derivative of f. Using product rule, we have,

foras = (221-1) (222 = 1)y + (221 — 1)(;1"% - X2)Yas

+ (2} - 21) (222 — 1)yay + (21 = 21) (25 — 22) Va1 25

Note that (221 —1)(2z2 — 1) # 0 for our vertices {a’}, but the other three terms will vanish for
each a’. Therefore we must have that v(a') =0 for i = 1,2,3,4. But by definition of v, if v =0
for four points then v = 0. Thus the finite element is unisolvent. m

b. What do you need to do to check if the above element with a rectangular mesh results in
a C! finite element space?

Solution: Let p,q € P, with p defined on K; and ¢ defined on Ky where K7 and Ks are
adjacent elements such that, p and ¢ share the same values of the degrees of freedom on the
interface between K7 and Ks. Then we must show that the “stiching together” of the functions
p and ¢ on the whole domain K; U K results in a C' function. Specifically, we require that the
function,

— p(x,y) lf (l’,y)GKl,
o) {qu,y) if (2,y) € Ko, ()

be a C! function. m

c. Does the above element (with a rectangular mesh) result in a C! finite element space?
(Explain your answer).

Proof: We follow the plan proposed in part b. Let a' = (x1,%1) and a® = (z1,12) be the



points that form the line segment ¢; in particular, ¢ is a vertical line segment. Then we have,

ple(a') = (do)(a"),  ple(a®) = (ale)(a®)
(p)le(a) = (a)le(a’),  (p0)le(a®) = (ar)le(a®)
(p2)le(a") = (@)le(a'),  (p2)le(a®) = (g2)le(a®)
(p12)le(a’) = (@2)le(a"),  (pr2)le(a®) = (@r2)le(a®)

If we define,

f=ple—dle,
g="pile—qle-

Then f = f(y) is a cubic polynomial. Note that f(y2) = f(y1) = f'(y2) = f'(y1) = 0 which
implies that f has 4 roots, hence f = 0. By a similar reasoning, we can conclude that g = 0. This
implies that our function ¢ is continuous on Kj U Ks. In addition, the partial derivatives exist
and are continuous on all of K7 u K5. These results come directly from the shared degrees of
freedom. Thus ¢ € C1(K; U K3). A similar argument can be used for a horizontal line segment.
This shows that the above element will result in a C' finite element space. m

Problem 2. Consider the Neumann Problem:

-Au=f inQ (5)
Ou _ g on 0. (6)
on

Here Q is a bounded domain in R? and f and g¢ are suitably smooth.
a. Derive a weak form of the above problem using a test function in H*(1).

Proof: Multiplying ~Au = f by a test function v € H'(Q) and integrating over €, we have,

—]Auvda:szu-Vvd:v—f @vds
Q Q a0 On

=[Vu-Vvdaz—f gu ds.
Q 9

Adding the boundary term to the other side, we have,

a(u,v) ::[QVU-Vvdac:fovdaz+[69gvds::L(v).



So our weak formulation becomes: find u € H'(Q) such that a(u,v) = L(v) for all ve H* ().

b. Discuss when the weak form of Part a. has a solution and if it is unique.

Proof: First note that a and F' can both be shown to be continuous (for F' you need to
invoke the trace lemma). Then from the Lax-Milgram lemma a solution exists and is unique if a
is H'(Q)-elliptic (coercive). However, in our case H'(Q)-ellipticty will not hold since we do not
have a Poincare inequality (or any other means to bound a(u,u) below). Note that v = constant
is a permissible function in our test function space. So set v = 1 and we have

d f ds = 0.
,[waJranS

This is called the compatibility condition or solvability condition and is necessary for existance
of the solution.

Next, note that if u is a solution then wu + ¢ is also a solution for ¢ € R. In order to guarantee
a unique solution we can impose the condition,

/ud:c:().
Q

This assumption allows us to derive a Poincare inequality, which allows us apply the Lax-Milgram
lemma. =

c. Describe a variational formulation of (5) in terms of an appropriate Hilbert space V. Be
sure to explicitly define V.

Proof: The variational formulationa will be: find ue V := {v e H'(Q) : [,vdz =0} such
that a(u,v) = L(v) for all v € V. Note we cannot impose both du/on = 0 and u = 0 (Cauchy
boundary condition) on 92 since then the problem becomes ill-posed.

d. Prove coercivity of the form of Part a. on the V of Part c. when Q = (0,1)2.



Proof: In order to prove coercivity, we a Poincare type inequality. Specifically, we will prove

2
lullizqay < C[( [, ude) +Ivullaq)] = ClIvula,

for some constant C' > 0. We will start by proving the result for a smooth function ¢ € C*°(Q)nV'.
Note we have the following identity,

z2 O 2 0
or)=olarm) = [ dor [T 2 ) du

Squaring both sides, we have,

¢ (22,2) - 20(22,32)d(w1,y1) + (21, 91) = (/:2 %(%Zm) dr + /ylyz g—j(iﬂlay) dy)2

22 9¢b 2 vz Aeh 2
<2 o dz) +2 f 99 (21, y) d
(fxl B (0 ¥2) z) +2( oy oY) y)
<2||V4[Z2 (-

Now we integrate both sides of the inequality from 0 to 1 for x1, 2, y1, and y2 (four different
variables). Doing so will give us,

2 2 2
2061220y~ 2( [ #dwdy) <2190l22(0
Thus the result follows where C' = 1. Now to prove for u € H*(Q), we use the fact that
1 —|H|H1(Q)
H (Q)=C>=(Q) .
So for € >0, we can find ¢ € C*°(Q) NV such that ||u - ¢||§{1(Q) <¢/16. Now consider,
[ullZ2 gy < llullf o

< (llu = llm ) + 19l 1))
< 2w~ @l 0y + 2817 (q)

g
<37t 206117262y + 21l 71 (52
g
e
<gt8u- By + 8lulzray-

Then note that |u - gbﬁ{l(m < ju - ¢||%11(Q) < &/16. Thus we have,

3 g
[ull7 20y < = + = +8[ulFr oy <€ +8lulF -
@ <573 (@) (@)

Since this holds for any & > 0, we thus have [[u|| 2(q) < Cl|[Vul|g1(q)- Since we have a Poincare
inequality, the coercivity proof follows in the typical way. m



Problem 3. Let Q. = {z € R? : ||z]| > 1}. Show that the Poincare inequality does not hold
in H&(Qe), i.e., there does not exist a constant ¢ > 0 satisfying

llulZ2(q, ) < fQ [Vul2de  for all ue HE (). (7)
The space Hg(€2) is the completion of C§°(£2,) in the norm

1/
ollir ey = (013200, + IV0lR2c0y2) - (8)

(Hint: Consider dilating a fixed function.)

Proof: Consider the rotationally symmetric bump function,

o(r,0) = p(r) := {EXP(T(I—ET)) forO<r<1

for r > 1,

which is only a function of r. Consider the sequence of bump functions defined by,
r—1
Ou(r) = o(—).
Note that supp(¢y,) = [1,n +1]. Then consider the L? norm of ¢y,
9 2w ) 9
lonlay = [ ¢2eIrdras
n+1 -1
=27 f (bQ(T )rdr
1 n
1
=27 fo $*(s)n(ns+1) ds
1
> 27rn2f0 s¢*(s) ds

= C()nz.

Thus limy,— 0 [|¢nl|L2(q,) = 0. But consider the H'-semi norm of ¢,,.

2 S S VIPENE
R A A AT
n+l | 9 r
) f 9

" h 6r¢(
1,1 2

=27r/ |—2¢>(s)| n(ns+1)ds

0 Inds

D oo
s%”(”n—;)/o 16/ (5)|? ds

<Cq

— 1)‘27” dr
n

Thus since the H'-semi norm is bounded for all n and the L? norm blows up to infinity, this
implies that we cannot have a Poincare inequality on this domain. m



