Applied/Numerical Qualifier Solution: August 2011

Bennett Clayton

Texas A&M University

August 1, 2021

Problem 1. Let Py be the space of polynomials in two variables spanned by
{1, 21, 2,27, 2120, 23}, (1)

let 7" be the reference unit triangle, 4 one side of T, and # the standard Lagrange interpolant
in T with values in Ps.

Recall that there exists a constant C' only depending on the geometry of T such that Vo €
H(T),

;gpfz [[v +pHH3(T) < C‘U|H3(T) (2)

a. State the trace theorem relating L*(4) and H'(T).

Solution: The trace theorem in general says: For ) a bounded domain and €2 a Lipschitz
boundary, there exists a bounded linear map B : W'P(Q) — LP(9f) such that

e Bu=ulpq, YueWlP(Q)

o [|Bullr2(a0) < Cpallullwir ()

for some constant C), o depending on p and €.

b. Prove that there exists a constant C only depending on the geometry of T and 4 such
that Vi e H3(T),

i+ # (@)l < Clal sy (3)



Proof: Note since @ and 7(u) are in H 3(T) cH 1(T ) we can apply the trace inequality
- (@)l < 1 - 7)o o
< Cy plli =7 (@)l (7

Next, note that for all p € P, we have 7(p) = p. In addition, notice that [|(Id - 7)(@)|| 1 (7

is a bounded sublinear functional on H?(T) that is zero for all polynomials in P2. So by the
Bramble-Hilbert lemma, we have,

Cy 7|1 = 7) (@)l g1 ¢y < Clitl s (4)
Thus, the result follows.

c. Let i
XhZ{thCO(Q) : VTE’];L, Uh|T€]P>2}. (5)

Let T be a triangle of 7}, with diameter hp and diameter of inscribed disc o7, and let v be one
side of T'. Let Fr be the affine mapping from 7" onto 7" and let 7 j, denote the standard Lagrange

interpolant on Xj. Prove that there exists a constant C' only depending on the geometry of T’
and v such that Yu e H3(T),

e = 7o 1 ()| 2y < Corhar P ul sy, (6)

where o = hyp/or.

Proof: Consider,

[[u - 7T2,h(u)||2L2(y) = [ Ju- 7T2,h(u)|2 ds

21l 45
ol
<hy f [~ 7o ()2 d3
Yy
= hlld = 70 (D) 725
< ChT|ﬂ|

|t — 7o, ()]

5~ 5—

2

H3(T)

Now to change to the element 7', let the affine geometric map Fr be defined as Fr(&) = Bx +b.
Then note that there exists a constant ¢ independent of hy such that ||B|| < chp, with || || be

some arbitrary matrix norm. We make a change of variables through the geometric mapping,
that is, we define u := G o Ffl. Recall the H? semi-norm is given by,

sy = [ 3 |00 @)| da. ™)

lal=3
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where a = (a1, a2) is the multi-index, |a| = a3 + g, and D = 8‘2‘%' From calculus and based on
our definition of the affine geometric mapping F7, we claim t}ferey exists a constant, cg such that
(D) (2)] < ch3|(DYu)(x)| for |a| = 3. This result could be (tediously) proven by explicitly
writing the transformation, Frr, applying the chain rule to each derivative, pulling out the factor

h7, and then recombining everything back. To summarize, we have the following,

sy = [ 5 1D ) @) da

T a3

szchGT S |(DPu) ()| det(F})| da

16
- [en§ ¥ (D) (@)L
T Al 7l

= chS |—T| 2

We know that [T < lh2T, however, we need an approximation of the area with respect to the
inscribed circle. We can prove that

1 oT
|T|=§(a+b+c)77 (8)

where a, b, and c¢ are the side lengths of our triangle T', by subdividing the T into three small
triangles formed from the center of the inscribed circle. Then we have the following inequalities,

1 1 or 1 or 3
—hpor = =(2hp) = < |T| < =(3h7)= = Zhror,
5 ToT 2( T) 9 | | 2( T) 9 4 TOT

where we have used the fact that the sum of any two sides of the triangle is greater than hp. In
particular, we can say that [T]™! < Qh}1 Q%l. Using this fact, we finish the proof as follows,

= mon(@lfEae < Chr [ 3 (D) @) di
|e|=3

- ChTmﬁ{B(T)
T
<Ch h6|— 2

hr
= CQ_Thg“lu@ﬂ(T)'

Taking the square root we have,

[ = o (W)l 12y < Cos B | s -



Problem 2. Let § > 0 be a given constant parameter and u € H}(Q) a given function.
Consider the problem: Find ¢° € H}(Q2) such that

~52A0 () + ¢ (2) = u(x) ae. in Q,

©(z) =0 a.e. on 9. 9)

a. Define the bilinear form
as(w,v) = 62 [Q Vw(x) - Vou(z) dr + [Qw(x)v(x) dzx. (10)

Write the variational formulation of Problem (9) and prove that it has one and only one solution
1 1
¢’ e Hy(Q).

Proof: Define f,(v) := [ou(x)v(z) dz. Then the variational problem is: Find ¢° € H} ()
such that

as(¢°,v) = fu(v)

for all v € H&(Q) To show that there is one and only one solution, we can use Lax-Milgram
theorem. We first need to show that as and f, are both continuous and ag is coercive. So
consider,

as(w,v) = 6 fQ Vw(x) - Vu(z) dx + wi(x)v(az) dx
< 8wl g1y vl o) + lwllz2oylvll 220
<max{6”, 1}(Jw| g )| + lwllz2@llvllz20))

<max{8%, L}{[wl 1 oy llvll 1 ()

Thus as is continuous. Cauchy-Schwarz shows that f, is continuous, so we only need to check
that as is coercive. Consider,

aé(v,v)=52/;2|vv|2dx+fgv2 dx
> min{6?, 1}[vl[F1 (-

Thus by Lax-Milgram, there exists a unique solution to the variational formulation. m

b. Prove that
19°|1 220y < Ilullz2(0)- (11)



Proof: From the variational equation, we have

a(¢’,¢%) = fu(¢’).

Hence we can write,
1% 1y < [ 196+ (62 dw= [ ug® do < 2ol 2o

Dividing by ||<p5||L2(Q) we have the result. m

c. Prove that
1Vl 22 0y < IVl L2 (ay- (12)

Hint: observe that Ay’ belongs to L?(Q), take the scalar product of (9) with ~A¢® and apply
Green’s formula.

Proof: To see that Ag® is in L?(2), consider,

162A¢° |20y = Il = @ llz2 oy < ullzze) + 1€9°] 122 () < oo

So, following the hint, we have,

0
PO - A dr =8 [(A e [P de- [
[ @) - ag dn=o? [ (A da+ [ 9P da- [ 7T ds
:52fA 52 g [ 32 4
AP ) da+ | [V da
= 1A 7200y + IV 1720

For the right hand side, we have,
0

- Ag®d :/V V' d —f —d :fV veld
fugox u- V' dx 6un8 u-V¢©dr

Hence we have 52||Ag0‘5||%2(m + ||V@5||%2(Q) = [oVu- V® dz. Using the usual inequality tricks,
we have,
4112 6
196° 122 0y < 190l 200 196 26

Dividing by ||V<p5||L2(Q) we thus have the result.

d. Now let
Xon = {vn € C°(Q) : YT € T, vplr € P1, vplon = 0} (13)



Given uy, € Xo p,, consider the discrete problem: Find gpg € Xo , satisfying Vuy, € X p,

a(;(npg,vh):fguh(a:)vh(a:) dx. (14)

(i) Prove that problem (14) has one and only one solution ¢ € X .
(ii) Prove that

lehllzz ) < llunllz2c)- (15)

Proof: For part (i) note that Xg, is a subspace of H} (), then Lax-Milgram applies in this
case. For part (ii) the same method we used in part b. can be applied again here, while taking
care with the gradient since X j consists of piecewise linear functions. m

e. Assume that ¢ belongs to H 2(Q). Let 71,5 denote the standard Lagrange interpolant
on XO,h-
(i) Prove that

as(¢° — 03, 0° — @) = as(¢® — ¥d, ©® — T u (%)) - fQ(u —up) (@ — ¢ + @ () da.

(i) Assuming that u is smooth enough, uy, = 71 p(u), and ¢ = h, derive an estimate
f 6 _ 0
or [|¢ 90h||L2(Q)-

Proof: For part (i) consider,

) ) ) ) ) ) ) ) ) )
as(0” = h, 0" =) = as(@’ = ©h, " =T R(°) + TR (0°) = )
_ ) ) ) ) ) ) ) ) ) )
=as(0° — @, " —mn(9°)) +as(@’ T n(¢°) = 0h) — as(@h, TR (07) — ©h)
) ) ) ) ) )
= as(¢" ~ ol = ma(@) + [ ulria(e) - ¢h) do

- [ un(ma(@) - oh) de
— as(¢” - " - ma(e) + [ (=) (- ma(") da
=a5(905—9027<p5—ﬂl,h(cp5))+fQ(u—Uh)(wi—<p5+<p5—m,h(<p5))dw-

Note we have used the fact that 7r17h(<p5) - cpi € Xop, SO ¢ and go‘fl will solve their respective
variational equations.



Now for part (ii). To simplify notation, set ||¢° — @9 ||? := h2|@® - 902&{1(9) + | - gp;sLH%Q(Q).
Using the identity we proved in part (i) and continuity and coercivity of a, we have,
0° = @l = 11e° = Bl oy + 11 = 32
= as(¢* = &h, 0’ = 1)
= as(¢" = e~ ma(@) + [ (w=un) (o]~ 6"+ ¢~ mia(¢")) da
<110’ = ohllz2 @ lle® = TR (O)Inz ) + B2 = i@y’ = m10(0%) (o
+lu = wnll L2y (105 = DNz + 1€9° =m0 ()2 0)),

h2
55 55
<slle _SOhH%Q(Q)"—?l‘P - hlEn )

N |

L5 INE h? s 5y (2
5l = mn (@2 () + 510" = T (@) ()
56 5 5
+[Ju = up||g20) (len = @llz2) +119° = T1a(") L2 (0))-

Subtracting £ || - @2”%2(9) + %2|g05 - 902%1(9) from both sides of the inequality, we find,

Los sz 15 INE h? s 5y (2
§||80 —80h||h35||@ - m1n(e )||L2(Q)+7|90 - (e )|H1(Q) (16)
+ [l = unllpz oy (l0h = €12y + 10° = TR (@) L2 ())-

The goal now is to apply the Bramble-Hilbert lemma to the norms with the projection operators.
See the older exams for more fleshed out proofs on how to apply the Bramble-Hilbert lemma.
It is also worth mentioning that we cannot use Cea’s lemma since this applies to the space
(HL), |- m1(q)) and would therefore give us the wrong error estimate.

Continuing on, we have,

%H(P(s —nlln < Ch4|<P5|12H2(Q) + CR?ul g2y (s = € llz2 ) + CR?|0° 2y )-
< ChY1¢ Gy + Ch'ulfre ) + i”@i =120y + Chul ()@ 120y
In the last inequality, we used the inequality ab < %(a2 +b%), but in the form,
Ch2|U|H2(Q)||<Pi - 806||L2(Q) = (\/§Ch2|u|H2(Q))(%H902 - @5)||L2(Q))-
Finally, we can drop the H'-seminorm on the left hand side, to find that,
i”@é - @i“i?(ﬂ) < Ch4(|906’12q2(9) + ’Uﬁ{z(g) + |U|H2(Q)|<P6’H2(Q)),

which reduces to,
l¢° = hllz2(qy < CR2(1€° k2 (q) + lula2(oy)-



Problem 3. Let T > 0 be a given final time, let b be a given vector valued function with
components in L2(0,T; H(Q)) n C°(2 x [0,7]) and let 1y be a given real valued function in
C°(Q). We suppose that

divb=0 ae. in Q,6=0 on T. (17)

Consider the time-dependent problem: Find u such that

%(m,t) +b(x,t) - Vu(e,t) =0 ae. in Qx(0,7),

(18)
u(z,0) = ug(x) a.e. in €,
where 9 9
- u U
b- =bj— +by— 19
v 18$1+ 261'2 ( )

Accept as a fact that (18) has one and only one solution w that is sufficiently smooth. It is
discretized as follows in space and time. Let

Xy ={vp, e C%Q) : VT €Ty, vp|r € Py} (20)

Choose an integer K > 2, set k=T/K, t, = nk and u2 =m,n(uo). For 1 <n < K, define uj € X,

from u;l‘_l recursively by,

= [ - @on(@) dos [ ) V(@) () do =0, (21)

for all Vp € Xh.

a. ) Prove that

fQ (B(, tn) - Vop (2) Yo () da: = 0, (22)

for all Vp € Xh.

Proof: To prove this, we will use integration by parts. So consider,
/Q(B(m,tn) - Von(z))op(z) das = fQ(vh(m)B(m,tn)) - Vop(z) de
= fag 02 (2)b(x,t,) -nds - /Q V- (vp(2)b(x, ty) )op () dea
_ _—/Q(ai‘lm(vh(w)bl(w,tn)) +aim(vh(w)bg(w,tn)))vh(w)dm
- —[Q(Vvh(ac) B, t) + op(2)V b, 1) Jop () dac
-~ [ (@, ta) - Von(@))vn(@) da.

Thus, adding the right hand side to the left side, we have the result. m



b. Show that, given uz_l € Xp, (21) has one and only one solution uj € X,.

Proof: Let {¢;}Y, be the nodal basis for X;. Then we write u}(x) = Y1, ul'¢;(x). Using

this expansion for u}, we test (21) with vy, = ¢; for j=1,..., N. Doing this, we have,
1 N 1 N R
= —ui ™) [ ou@)si(@) da+ Y ud [ B@t) - voi(@)es (@) de =0 (23)
i=1 i=1

This N equations can be viewed as a matrix equation,

1
EM(U" -U" ) +BU" =0, (24)
where M is the matrix with entries, [, ¢;¢; dx, B is the matrix with entries, [,,(b- V¢;)p; de,
and U" = (uf,... ,u”N)T. This equation can be written in the standard matrix equation form,
(M +EkB)U" = MU™ 1, (25)

The question of existence and uniqueness is now framed in terms of a matrix equation. That is,
we know a solution exists and is unique if and only if, nullity(M+.B) = 0 and rank(M +kB) = N.

Assume that U™ = 0, we wish to prove that U™ = 0 is the only solution. This is equivalent
to proving that the only solution to %(u'z, vp) +[Q(I;-Vu’,})vh dx =0 is uj = 0. Test this equation
with vy, = uj and we find %HUZH%Q(Q) + [ (b Vul)up da = %HUZH%Q(Q) = 0. Therefore the only
solution is uy = 0; i.e. nullity(M + kB) = 0. Additionally, the matrix is square, so by the
rank-nullity theorem, rank(M + kB) = N. This completes the proof. m

c. Provefor1<n< K
lupllzz ) < llupllzzo)- (26)

Proof: From equation (21), take vy, = uj. Then by part a. we have,
1 n n-1 _n
E(uh —up 5 up) =0.
Using Cauchy-Schwarz inequality, we have

2 -1
lunllzz(qy < lupllcz@llun™ llz2()-

Dividing by ||up||z2(q) we then have,
||UZ||L2(Q) < ||UZ_1||L2(Q) <eee < ||u2||L2(Q)‘

9



d. Is the matrix of the system (21) symmetric ? Justify your answer.

Proof: No the matrix will not be symmetric. This is due to the term,

a(up,vp) = '[Q(I;(m,tn) - Vup)vp(x) de,

which is not a symmetric bilinear form. To see this, we can apply integration by parts (as we
did in part a.) to get

alun,vn) == [ V- (on(@)b(@, tn))un da
= —_/Szl;(m,tn)-Vvh(m)uh(w) dx

- /Q V- (b, t)on () Yup () da

= —a(vp, up),

where we have used the fact that V- = 0. Since the other integral term is symmetric, the end
result, we will be a matrix which is not symmetric. m

10



