Applied/Numerical Qualifier Solution: August 2012

Bennett Clayton

Texas A&M University

August 5, 2021

Problem 1. Consider the variational problem: find u € H*(Q), such that a(u,v) = L(v) for
all v e HY(Q), where Q = (0,1) x (0,1), T is its boundary, and

a(u,v):[QVU-VUd:Udy+folu(s,O)U(s,O) ds and L(v)zﬁgvds. (1)

Let V, ¢ HY(Q) be a finite dimensional space of conforming piece-wise linear finite elements
(MCourant triangles) over regular partition of €2 into triangles. For continuous v, w defined on
I'c T, let the bilinear form Q(v,w) come from the quadrature

Qr(v.w) = 3 W (w(PE (P + o(PEYw(ES)) ~ [ owds. (2)

6Cf

Here e is an edge of the triangulation of length |e| with end points P{ and Ps5. Consider the
FEM: find uy, € V}, such that
ah(uh, 1)) = Lh(’l)), You e Vh, (3)

where ap(up,v) and Lp(v) are defined from a(up,v) and L(v) with the boundary integrals
approximated using quadrature (2).

a. Derive the strong form to the problem (1).

Solution: Let I'=T' = {y = 0} x (0,1). Then performing integration by parts and we have,
1
a(u,v) = fQ Vu- Vv dzx dy + _/0 u(s,0)v(s,0)ds
—/—Auvdwd +/@vds+f1u(s 0)v(s,0) ds
~Ja Y7 Jr on 0 ’ ’
1 1
= _[Q—Auv dz dy + /FZ—ZU ds + fo —2—5(8,0)1}(5,0) ds + .[0 u(s,0)v(s,0)ds.

ou 1
—/Q—Auvdacdy+/f8—nvds+/(; (u(s,0) —uy(s,0))v(s,0) ds



Now, if we only consider v € H} (), then this implies,

—Auv dzx dy = 0.
fQ uv dx dy

By the Fundamental Theorem of Variational Calculus, if [, f¢ dz = 0 for all ¢ € C°(2), then
f=0. Since H}(Q) is the closure of C2°(Q) a similar result holds for all v € H}(£2). Therefore

—Awu =0. Now, for the boundary conditions. Since —Awu =0, we have

ﬁ%vds+/ol(u(s,0)—uy(s,O))v(s,O) dS:—/ngds,

for all ve H(). Since this identity holds for all v € H'(Q), we must have

-Au=0 in Q
ou_ g on T
g—;i+u=g onT-T.

b. Prove that the bilinear form a(u,v) is coercive on H'.

Solution: In order to prove coercivity, we will first prove the following inequality,
w2 1

2 2

[ull20) < C(Ha—y‘ L) + /0 u”(s,0) ds).

So consider,

||u||%2(9)=/(;1/(;1u2($,y) dx dy
:folfol(foyg—z(:v,n)dn+u(3:,0))2dasdy
Sf[ﬂ,l]Q 2(/0?;2—;6(33,17) dn)2+2u2(x,0) dz dy
g2f01foljg—Z‘zd:xdwzfolu?(s,O)ds.

(4)

Note we have used the Cauchy-Schwarz inequality and the inequality, (a + b)? < 2a2 + 2b%. Now



for the Poincare inequality,

a(u,u) = _ %|2+ Z—Z 2d1‘ dy+f01u2(s,0) ds
z%||w||;(m+%(f[0’1]2 ‘;—Z‘ dxdy+f01u2(s,0) ds)
> S9ulaqay + 1ol
> 21l oy

Thus a(-,-) is coercive on H'(Q). m

c. Prove that for T = {(2,0),0 < z < 1}, there are constants ¢; and c¢o, independent of h,
such that

1
c1Qp(v,v) < /0 v(z,0)? dx < 29 (v,v), Yv € V. (6)
Note that this inequality and part b. immediately imply
ap(v,0) 2 al|vl[f gy, Yo eV (7)

for some « > 0 independent of h.

Proof: First note that vl is linear and (v|.)? will be a convex quadratic function. Therefore,
the trapezoidal rule will give an upper estimate of fol v(x,0)? dz. So we have,

1
_/0 v(:C,O)2 dx = Z fv(x,0)2 dx < Z %(UQ(PF) +v2(P26)) = Qr(v,v)
ecl:‘ ¢ ecf‘
For the lower bound, let T, : [-1,1] — e be the usual affine transformation, and define v, := voT..

As before, 0, is linear, so we write 0¢(Z,0) = aeZ + be, then through direct computation, we have,

1 | |
/1 (aci +b.)? di = 5 (202 + 67) > < (2a2 + 207).



But notice that 52(1,0) + 92(~1,0) = 2a2 + 2b2. Thus, we have that

_[Olv(a:,O)z dx = va(x,O)Q dx

ecl’ €
1
- Eﬂf 02(2,0) d2
et 2 71
el 1 .9 2
2 Z 3 : 5(7}6(1,0) +Ue(_170))
eCf‘
1 e .
-y Eere ),
oot

Hence we can conclude that,

%wa(U,U) < ]01112(;1:,0) dzx.

d. Apply Strang’s First Lemma to estimate the error in H'-norm for the FEM (3). You
may assume that g is as regular (smooth) as needed by your analysis and you can use (without
proof) standard approximation properties for the finite element space V},.

Solution: Recall the inequality for Strang’s lemma,

*,h) + ||L - Lh

[ = wnllrgoy < [ inf (llu—vnllia) + lla(va, ) = an(vs,-) h s

vpeVh
and in order to apply Strang’s lemma, we must have that a(-,-) is Vj-elliptic. But this result
follows from part c. So note that |L(vy)—Lp(vs)| = | [5 vagds—Qz(vn, g)| by the assumption in the
statement of the problem. Additionally, we have |a(vp, zn)—an(vh, 21)| = | [¢ vhznds— Qg (vn, 2n));
again by the statement of the problem. So lets now focus on |a(vp, zp) — an(vp, 21)|,

la(vn, 21n) — an(vp, 2n)| = | fol v (s,0)zn(s,0) ds - Z %

ecl’
-|> fevh(s,O)zh(s,O) ds - ((onzn)(PE) + (n20) (P))|

ecl 2

((on2n) () + (vn2n) (%))

<y %ME 1,(3,0)2,(8,0) d3 — ((0n2n)(~1,0) + (ﬁhéh)(l,o))\

ecl’

Define the sublinear functional, E: H*(-1,1) - R by,
1
E(v) ::|/1vds—(v(—1)+v(1))|.
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We show that E is bounded,

1
E@)I< [ lolds + (-] +]o(1)
< \/§||U||L2(71,1) + \/§||U||€2(71,1)
< \/i(HUHLQ(—l,l) + CtraceHUHHl(—l,l))
< Cllllg2(-1,1)5

where we have used the Cauchy-Schwarz inequality and the trace theorem with [[v[|p2(_1 1) =

Vo(=1)2 +v(1)2. One can also verify that F(p) = 0 for all p € P;. So by the Bramble-Hilbert
lemma, we have |E(u)| < Clu|g2(_1,1). For our problem, we have |E(942,)| < ClonZn|g2(-1,1)-
Applying this in our inequality, we have,

el .
a\Vn; 2n) = Gp\Vh, 2n)| & - |VhZh|H2(-1,1
HICHES RPN PYeh yEc NP

ecl’

< Ch2+1/2 Z |vhzh|Hz(e)
eCf‘

<CR*I2 Y (/e((UhZh)”(iﬁ,O))de)l/Q

ecl
2+1/2 / I 2 172
_ o2y (f4(vh(:v,0)zh(:n,0)) dz) .
ecl 7€
where the prime ' notation is differentiation with respect to x. Since ©j, and 2, are linear on

(=1,1), their derivatives are constant. Therefore, we can write,

la(vn, z1,) — an(vh, 2)| < CRZH2 D [onler (o) lznl e
ecI’

< Ch2+1/2( Z |Uh|?{1(e))1/2( Z |2h|§{1(6))1/2
ecl’

ecl’
1/2 1/2
<O (T Iullz) (2 IVanliza)
ecll ecl

Again using the fact that Vv, and Vzj, are constant, we use this fact to write,

20el _lel| 12
el ™ el ®)

2
IVunliZace) = lell(Von)le” = Iel|(Von)l-.

where 7, is the triangle assosciated with the boundary edge e. We use this identity, to write,

e 1/2 1/2
|a(vh, 2n) = an(va, 20)| < Chmﬂu( S lenliniy) (2 aline)
ecl’ ecl’

|Te|

1/2 1/2
SChHl/Q( Z ”Uh‘%p(ﬂ) ( Z ’zhﬁfl(T))
7Ty, 7€Th

= ChM Y2 g | gy L2l ) -



Now, notice from the definition of our operator norm, we have,

la(vn, 21n) — an(vn, 2n)|

||a(vha ) - ah(vha ) x,h = SUp

ZhEVh ||zh||H1(Q)
Ch1+1/2 Vhlpt Zh| g1
< sup Vn| i (Q)\ |1 (Q)
neVi lznllm ()

< Ch1+1/zlvh|H1(Q)~
Looking back at the Bramble Hilbert lemma, we conclude,

nf, (e = vnll ey + lla(on, ) = an(ons )l p) < nf. (llu = onllzr oy + Ch* Plonl ey

VhE
< lu = Tyl 1y + CR 2|l o
< Chlul gy + Ch Y2 Jull i1
< Chllull (-

where we have used the usual approximation properties on for ||u — Ilyul| g1 (q)-
Now for ||L = Ly||«,,. Consider,

|L(v) = Ln(vp)|

1L = Ll «.p = sup

vpeVh thHHl(Q)
| [i vng ds — Qg (vn, 9)|
vheV), ||Uh||H1(Q)

We will focus on the numerator in the supremum,

| fmoas- % '((vhg>(P1>+<vhg)<P2>>\ <3| [engas~ (o) (P + no)(p5)|

ecl’

<) [ ds - (@)1 + @)D

ecl’

Notice that we can apply the Bramble-Hilbert lemma in the same way as we did for the error
in the bilinear forms, a — aj;,. Therefore,

|L(vn) = La(vn)[ < C' )] ||Uh§|H2(-1,1) < ORI > longluze)-
ecl ecl’

Now consider,
d? 2
|Uh9|fq2(e)=[e‘%(vhg)| dx
= [|v;l'g +20;g" + vpg"|? dx
e
<C [1ohPlg'P + lonfly"F da
e

< Oll9lfy2.00 )[R 111 (-



Taking the square root and applying this inequality in our problem, we have,

|L(vp) = L (vp)] < Ch**H? > gllwz.es ey lonll a1 ey
ecl’

< Ch* M lgllyw2. a0 Za llvnller ey
ecof)

1/2 1/2
<Ch P |gllwaony( X 1) (2 llonllfige)
ecof) ecoN)

< Ch?||gllw2.e (a0 lvall 1 (a0

where we have used the fact that the number of edges in our triangulation is proportional to
|0€2|/h. Next note that, th”%ﬂ(aﬂ) = ||Uh||%2(aﬂ) + ||Vvh||%2(aﬂ). Consider,

vahHQL?(Q) = |Uh|?{1(e)

eco)

= 3 Jell(von)le|”
ecoN

= S rll(Ton)ln AL
ecofN |T€|

c 2
< 2 lIVonlz o)

From this we can conclude that |lup|| 1 a0y < %||vh||H1(Q). Therefore,

|L(vn) = L (vp)| < Ch1+1/2||g||W2v°°(8Q)||Uh||H1(Q)- 9)

Therefore,
L(zp) — Lp(zp
I Lafles = sup (G- LnCn)
aevi Nzl o)

< Ch1+1/2||9||w2v°°(89)-
Combining all of these results in Strang’s lemma, we have,

lJu = unllri 0y < Chllullgy + ChM2||gllwm o) < ChUlulli 0y + lgllwze=a0))-



Problem 2. Consider the following initial boundary value problem: find u(z,t) such that

%(u—Au)—uAu=f,er,T2t>0,

u(z,t) =0, 2€0Q, T>t>0,
U(J},O) Z’U,()(«T), z €,

where Q is a polygonal domain in R?, ;> 0 is a given constant, and f(z,t) and ug(z) are given
right hand side and initial data functions.

a. Derive a weak formulation of this problem and derive an a priori estimate for the solution

in the norm
la(®) ey = (Ol + [Tl

in terms of the right-hand side and the initial data.

Solution: Multiplying the PDE by a test function v(x), we have,

f(ut Aug)v — /,LAuvdx—/Qutv+Vut Vv + uVu- Vo dr — f (%+u—)vd8

Since we have no information about du/On on the boundary, we must take v € H} (). Thus,
our weak formulation becomes: find u € L?(0,T; H}(£2)) such that

(ug,v) + a(ug, v) + pa(u,v) = (f,v),

for all v e Hj (), where (,-) is the usual L? inner product and a(u,v) := [, Vu-Vvdz. Note that

a(-,-) is coercive, since our variational space is H} () wich will imply that a Poincare inequality

exists. One can then prove that there exists o > 0 such that a(u,u) > a||u||%{1(ﬂ) (coercivity).
Now, to find the a priori error estimate, set v = v in the weak formulation. This gives us,

1d e, 1d

02 5 dt|Vu|2 dx + pa(u,w)

(ug,u) + a(ug,u) + pa(u,u) =

1d

2dt||u( )||§{1(Q) + palu, )

Applying the usual inequalities, we can write

1d

5 i[O ) + cnllu®ir @) < () < 1 fla@llullzacoy < 1Lzl @)-

This can be rewritten as,

d
a”u(t)”Hl(Q) +apllu® ) < Ifllz2 )



Multiplying both sides of the inequality by e**! and using the product rule (integrating factors),
we have,

d (e} (e}
E(e M)l o)) < eI fllrz@)-

Now replace t by s as the dummy variable and integrate from 0 to t. This gives us,

t
el () = [1u(0) |10y < fo e ($)ll2(e) ds.

Solving for ||u(t)||g1 (o) gives us the a priori estimate,

t
()10 < €™ ol |10y + fo e || £()| 22y ds-

b. Write down the fully discrete scheme based on implicit (backward) Euler approximation
in time and the finite element method in space with continuous piece-wise linear functions.
Prove unconditional stability in the H'-norm for the resulting approximation.

Solution: Let V}, be the space of continuous piece-wise linear functions and let the basis
(tent) functions be denoted as Vj, = span{¢;}~,. Additionally, let ¢, = nk for 0 < n < N an
integer and k > 0 such that T' = kN, then define u} = up(z,t,) and " := f(z,t,). Then our
fully discrete problem becomes: given uy €V}, find u’ﬁ” € V}, such that,

n+1 n
Uy — —up

k

(u’ﬁ” —up

. Jop) + pa(up ™ op) = (o),

,on) +af

for all vy, € V}, and u% = Il ug, that is, the projection of ug onto the space Vj,.
Now to prove stability for this approximation, set v, = uZ*l, and rewrite the terms; we then

have,

”UZHH%%Q) = (up,up*t) + HVUZHH%%Q) — a(up,up™) + kpa(up ™ upth)

< k||fn+1||L2(Q)||UZ+1||L2(Q)-

Rearranging the terms and dropping kua(uf*!, uf*!), we get,

n

2 1
lui ™ W7y < K M lzllun ™ ez @) + lunllzz@llun ™z + bl @)lun i @)

Next, using the inequality, ab + cd < Va2 + ¢2V/b? + d?, we have,

12 1 1 1
||UZ+ ||H1(Q) <Kl ||L2(Q)||UZ+ ||H1(Q) +||UZ||H1(Q)||UZ+ ||H1(Q)-



We divide by ||u*|| H1 () Which gives us,

n+1 )
i ey <RI 2oy + il @) < - < B 201120y + llupllm @) < oo
7=1

We assume that f e L1(0,7; L*(Q)), which allows us to guarentee the right hand side is finite.
Thus we have unconditional stability in the H!'-norm. (Unconditional in the sense that, the
stability is not dependent on the spacial or temporal mesh sizes.) m

c. Consider now the forward Euler approximation for the derivative in ¢. Find the Courant
condition for stability of the resulting method in a norm of your choice.

Solution: Couldn’t figure this one out.
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Problem 3. Let 7;, be a partition of (0,1) into finite elements of equal size h = 1/N, N > 1
an integer, and x; = ¢th, 1 =0,1,...,N. Consider the finite dimensional space V}, of continuous
piece-wise quadratic functions on 7j,. The degrees of freedom on finite element (z;_1,x;) are

{v(:z:l-,l),v(xi), % fxz v d:z:}. (10)

a. Explicitly find the nodal basis of V}, over the finite element (x;-1,z;), corresponding
to these degrees of freedom.

Solution: Let ¢1, ¢2, and ¢3 be the nodal basis functions for V} over (x;-1,2;). So to find
¢1, it must satisfy the following: ¢1(x;-1) = 1, ¢1(z;) =0 and % ;7_1 ¢1 dx = 0. To make things
simpler, we first transfer to the reference element to determine ¢; and then transfer back. So
using the map T; : [0,1] = [zi_1,2;] defined by = = T;(Z) = hi + x;—1. We define ngSM = ¢10T;,
and we will drop the 7 subscript to alleviate the notation. Then we have,

“ ~ 1,
$1(0)=1, ¢1(1)=0, and foqﬁl(@)d@:o.

Thus for ¢1 = ai? + bZ + ¢, we have,

$1(0)=c=1
$1(1)=a+b+c:0

flé(A)dA 1 +1b+ 0
2)di=-a+=b+c=0.
o 372
Solving this system of equations tells us that,

b1(z) =322 -4 + 1.

We transfer back to the global element and repeat this for the other functions ¢o and ¢3. We
conclude that,

1(z) = 3(%)2 - 4(%) +1
da() = 3(F=) 2R
é3(x) = 6= ) 4 6(——).
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b. Prove that sup

1
/ (u—-Tpu)¢ dx
sup 2
GeHL(9) 1011722 ()

< Chllu - Tpulg2(0,1), (11)

Vue H'(0,1). Here II,u is the finite element interpolant of u with respect to the nodal basis of
V}, defined by (10).

Proof: First, we will show that fol u — Ilpudx = 0. So consider,
1 N T
/ U—Hhud.T:Zf u —Ipu dx
0 i=1J%i-1

N x; x;
= ; fo u(z) - u(zi-1)d1,i(z) — ulzi) g2, (x) - (% fo u(s) ds)¢3,i(x) dx

S i (f )G [ o)

Y

where we have used the fact that the nodal basis functions satisfy oy, ;(¢;,;) = dx; for the linear
functionals oy, ; defined in part a. (the sigma notation is not used in part a.). Thus, we can say
that /0 c¢(u-Tpu)dz = 0 for any constant c. In particular, [f’_ c(u-Tpu)dz =0 for any constant

c. Now define ¢(z) to be a piecewise constant function, such that ¢(z) = ¢; := o, O(x) dz
for z € (zj-1,2;),i=1,...,N. Then we can write,

1 N x;
fo (u—Hhu)qbdas—Z;fxi_l(u—ﬂhu)qbdaz

N z; _
; [mH(U - pu)(¢ - ¢;) dx

N
- ||u - Hhu”LQ(iﬂi_l,{Ei) ||¢ - ¢i||L2($i_1,{Ei) °
=1

Transfering to the reference element with the mapping 7; as in part a., we can write,
2
166200y = [ @) =5 [7 6(5)ds)? s

:f (¢__f o(s) ds)2h di
—h[ f & d3)? di

= h||¢ - ¢i||L2(0,1)
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So note that L(¢) := ||¢ - (ZiHLz(M) is a sublinear functional on H'(0,1) which is zero for

constants. By the Bramble-Hilbert lemma, we have that ||¢ - Allr2(01) < C’|¢A5|H1(0,1). Applying
these results and transferring back to the element [x;_1,x;], we have,

1 N R
/0 (u-Tpu)p de < ChM2 3 ju = Tpull 2oy, ) Dl 0.1
=1

N
<OWP Y u =Tl 2o,y ay) - OBl
i=1

(zi-1, (zi-1,24)

< Chllu = Tpul[ 20,1yl 1 0,1)-

Therefore,

sup fol (u—-Tpu)¢ dx

< Chllu - Tpul|2¢0.1)-
¢eHG () 18l 11 0,1) L2(0,1)
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