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Problem 1. This problem is aimed at proving the Riemann-Lebesgue Lemma: If f €
LY0,1], then lim)_ o _[01 f(x)e?dz =0

a. Show that if p(z) = X1 apz®, then limy_ oo fol p(x)e?de = 0.

Solution: We will use induction, so for n = 0 we have
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Thus as A — oo this we have the result for n = 0.
Now, assuming we have convergence to zero for n = m — 1, we will prove for n = m. So
consider

& k i\
f Z apr” e dx
0 k=0

< 2|az|
A

1 i\ m 1 ki
CL()/ eMdx + Zak/ x e dx
0 =" Jo
1 A\ m 1 k-1 i)
ao[ ez + ) | klag| f 2F 1A g0
0 0

k=1
9 m 1 .
< |a0’ " Z k|ak| ‘/ xk—lez)\mdx
A & 0

<

+

k 1
:E_eiAx
DR

|

Thus by the induction hypothesis, the middle term must converge to zero and since the left and
right terms, of course, will also converge to zero, we have that limy_, . fol p(ac)e“\xdx =0. m
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b. State the Weierstrass Approximation Theorem. Use it and part (a) to show that for
g€ C[0,1], limy_, oo _[01 g(z)e*dz = 0.

Proof:



c. Use (a), (b) and the density of C[0,1] in L' to complete the proof.

Proof:

Problem 2. Let D be the set of compactly supported C* functions defined on R and let
D’ be the corresponding set of distributions.

a. Define convergence in D and D'.

Proof: A sequence ¢, € D is said to converge to some function ¢ € D (written ¢,, — ¢) if and
only if Hqﬁ%m) —¢(™)]|, - 0, where m € N and ||-||, is the supremum norm, and U,y supp(¢n) ¢ K
where K is a compact subset of R.

For convergence in D’. A sequence T}, € D’ is said to converge to some T € D if and only if
T,, converges to T weakly, that is, lim, e (Ty,d) = (T, ¢) for all € D. m

b. Let ¢ € D and define ¢p,(z) := (¢(x + h) - 2¢(x) + ¢(x — h))/h?. Show that, in the sense
of D, limh_,o ¢h = (Z)”.

Proof: We start by with a fixed x € R and then consider the Taylor expansion of ¢(x)
around some neighborhood of z. lLe.

o) =06+ L () + C ()2 bigher order terms

Then observe that ¢ evaluated at x + h and x — h is

b(z+h) = ¢(x)+¢() ¢”2('x)h2+(9(h3)

oz —h) = o) - £ ( D T8 o)
Adding the two together gives us
¢(z +h) + ¢(z - h) =2¢(z) + ¢" (z)h* + O(h?)
Now this looks a bit familiar, so consider the difference in the supremum norm.

I ¢(x +h) = 2¢(x) + p(z — h)
h2
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Then since h — 0, we get convergence in of the function. To show that every derivative con-
verges we apply the same arguments but just for higher order derivatives. (The result is the
same.) Lastly we need to show that support of all the ¢ is contained in supp(¢). So since
supp(¢) c [-M, M] for some M € R, note that ¢(x + h) and ¢(x - h) are just translations of ¢
to the left and right by A units respectively. Thus we can say that suppoy c [-M — h, M + h].
And since h - 0, we can just take the compact set [-M — hy, M + hq] where h; is the starting
index of our sequence. Thus we have convergence. m

Proof:

Problem 3. Let K e C(H) and L € B(H) be self adjoint.

a. Show that ||L|| = supy,-1 [(Lu, u)|. (Hint: look at (L(u+v),u+v) - (L(u-v),u-v).)

Proof: The first inequality is fairly simple, note that

sup |(Lu,u)| < sup [|Lul[lul| < sup [IZ]][lul* = |[L]
flf=1 =1 full=1

The reverse inequality is not so simple. So, we first do some algebra and use the fact that L is
self adjoint to show that

(L(u+v),u+v) = (L(u=-v),u—-v)=2(Lv,u) +2(Lu,v) = 4Re((Lv,u))
Next, using the definition of a complex number, we may write the following
(Lv,u) = [(Lv, u)|e”

for 6 € (0,27]. Then we can see that [(Lv,u)| = (L(ve®?),u) e R. So let © = ve? and use the first
equality for ¥ to get the following

(L(u+0),u+0)—(L(u-0),u—-0)=4Re((Lv,u)) = 4/{(Lv,u)]
Now we can follow through with some inequalities.

A(Lv,u)| < (L(u+0),u+ 0)| + {L(u-0),u - 0)]

||u + |2 N -
= e (L(u+0),u+0)+

[l

[(L(u=-10),u-0)

[Ju - o[



Then let z = (u+0)/||u+ || and y = (u—0)/||u - ?||. We can continue the inequalities to have
1 - -
(Lo, ul < 2 (llu+ 8 La, 2) + lu - B*(Ly, y))

1
<= Sup (L, @) (|fu+ ol + [Ju - o[*)
z||=1

1 -
= 7 sup (L, @) (2l + 2[5]*)
llll=1

Then note that ||L|| = supjy-jjj<1 [(Lu,v)], so then taking this supremum we have

1
1L <5 sup {sup (La,2)llul® + 2[vl)} = sup (Lz,z)
full=fef=1 " lell=1 =1

Thus [|L]| = sup|jg-1 (L, z). =

Proof:

Problem 1. Let T c R? be a triangle with vertices vy, vo, and v3. Let p; = (vy +va +v3)/3,
p2 = (201 +v2)/3, p3 = (201 +v3)/3, pa = va, p5 = (v2 +v3)/2, and pg = v3. Given ¢ € P?, let
0i(q) = q(pi)-

a. Show that the triple (7,2, %) constitutes a finite element, where X = {o;}%_,.

Solution: In order to show that the triple is a finite element, we need to show that the
linear functionals ¥ is unisolvent on P2. So, let ¢ € P? and assume that o;(q) =0 fori=1,...,6.
Now, note that our points p; can be represented in barycentric coordinates. So we have,

p1:(1/371/371/3) p4:(07170)
b2 = (2/37 1/370) b5 = (07 1/2> 1/2)
b3 = (2/37071/3) p6=(07071)'

Now notice that on the edge connecting the vertices v and vs defines the line,

Ll = {()\1,)\2,A3) eT : )\1 = 0}



And since ¢ is a (1-dimensional) quadratic function which is zero at three points, then ¢ must
be identically equal to zero on this line. This implies that A; is a factor, i.e.,

(A1, A2, A3) = Av(A1, A2, Az),

where 7 is a linear function. Now, if we look at the line passing through the points po and ps;
this is a line where \; = 2/3. Since ¢ is zero at py and ps, this implies that vy(p2) = v(p3) = 0.
Then, since v is a 1-dimensional linear function which is zero at two points, we have that ~ is
identically zero on that line. Therefore, \; = 2/3 is a factor, so

q(A1, A2, A3) = cA1(A - 2/3).

for some constant c. Lastly, since ¢(p1) = 0, we have that ¢(1/3,1/3,1/3) = 0, hence ¢ = 0. Thus
q is identically zero, hence the triple is a finite element. m

b. Write down the nodal basis function ¢; corresponding to this finite element. That is,
¢1 € P? should satisfy ¢1(p1) =1 and ¢1(p;) =0, j # 1.
Hint: You should use barycentric (area) coordinates to derive your solution.

Solution: From the reasoning in part a. we already know that if ¢1(p;) = 0 for j # 1, then
¢1 =cA1 (A1 —2/3). So to find ¢, we have ¢1(1/3,1/3,1/3) = c%(—%) =—¢/9 = 1. Therefore ¢ = -9
and our nodal basis function is ¢1 = =9A1 (A —2/3)

Problem 2. For f ¢ L?(0,1), consider the following weak formulation: Seek (u,v) € V :=
HJ(0,1) x H}(0,1) satisfying for all (¢,9) e V

() @) = [ s+ [Coy= [Too= [ pe=n), (1)

a. What is the corresponding strong form satisfied by u (eliminate v)?

Solution: Applying integration by parts and using the fact that ¢ and v are zero on the
boundary, we have,

[ uro-vp-v)- [ fo=0



Since this holds for any (¢,%) € Hg(0,1) x H}(0,1) we can specifically take (0,v) € H}(0,1) x
H& (0,1). Doing so, gives us,

[ - py=0

So by the fundamental theorem of variational calculus, this implies that —v” = f on (0,1).
Therefore our integral form becomes,

fol(—u" -v)¢ =0.

Again by the fundamental theorem of variational calculus, we have that —u' —v = 0. But this
implies that u® = f. So our strong form is,

u® = f in (0,1)
u” =0 at =0,1
u=0 at x=0,1.

b. Show that for all w € H}(0,1)

('/01w2)1/2§(/:|w’|2)1/2. @)

Solution: Usual Poincare inequality proof. See old exams.

c. Using Part b. show that a(+;-) coerces the natural norm on V:

o 9l = ol o1y * IR 002 3)

and explicitly find the coercivity constant

Solution: Consider,

1
a(@ ), (@) = [ ()7 + (W) ~ve
2 |¢|§{1(0,1) + |¢|§{1(0,1) = [[¥llz2 o lléllL20,1)

1 1
> Z(Wﬁ{l(o,l) +[WlEno,0)) + Z(HQSH%P(OJ) + 1112 0,1)

1
=l vl



where we have used the inequality, —ab > —%(a2 +b%). m

d. Let V}, be a finite dimensional subspace of V. Explain why there is a unique (up,vp) € V3
satisfying for all (¢p,¥p) € V3

a((un,vn); (én,¥n)) = L(¥n). (4)

Solution: We first need to show that a(-,-) is continuous and L(-) is continuous. So consider,

a((u,v),(9,9)) < [ulmro,1)llmr0,1) + [0l 00Ul 0,1) + [V]IL200,0) 18]l 22(0,1)
< (|U|H1(o,1) + HUHL2(0,1))H¢||H1(0,1) + (|U|H1(071) + HUHL2(0,1))||1/JHH1(0,1)
< ([l o0,1y + 1l o,0)) U@l 0,0y + 10N (0,1))
< 2|[fu, vllll[l@, ]|

Note we have used the inequality, a + b < v/2V/a2 + b2. Then since a(-,-) is coercive on V, it is
also coercive on V},, since it is a subspace. So by Lax-Milgram, there exists a unique solution to
the discrete variational problem. m

e. Show that

u—up,v—uvpl||<C inf U= Qp,v— 5
lllw = un, lll 1(¢h,wh)evh|” On, v = nll| (5)

(find C; explicitly).

Solution: From coercivity, we have,

Illw = up,v - vh|||2 <4da((u—up,v-vp), (u—up,v-0vp))
= 4&((@6 —Up,V — Uh)? (u,v))
=4a((u—up,v-vp), (U= Qn,v—1p))
< 8||lu = up, v = vplll[[[w = @n, v = Pplll-

So, dividing by |||u = up, v — vy]|| and taking the infimum, we have,

llw = un,v=wpll < inf - fllu=dp, v =]l
(@nn)eVh



f. You may assume that u,v € Hg(0,1) n H?(0,1). Propose a discrete space V}, such that

[[w = un, v = wonll| < Coh([[ullg2(0,1) + [[0]lH2(0,1)) (6)

for a constant C independent of h. Justify your suggestion.

Solution: Let W} be the space of piecewise linear functions which are zero on the boundry.
Then define Vj, := W), x W),. From part e. we can write

u—up,v—vp|[| < inf w—op,v—Ypll| < ||| - pu, v -y,
[ i<, it I anll <]l [
where II, is the usual projection onto Wy. From the definition of the norm ||| |||, we can write,

2 2 2
Il = Mpu, v = po|||” = [ju - HhUHHl(oJ) +lv - HhU||Hl(o,1)-

Then using the usual error estimation procedure (you should work it out; see older exams),
we can find that ||u - Hhu||H1(071) < ChHuHHl(O,l) and ||U - HhU”Hl(O,l) < Ch”U“Hl(O,l)' This
completes the proof. m

Problem 3. For Q = (0,1)? and ug € L?(2), consider the parabolic problem:

w— Au+ (up +uy) =0, (z,t) e Qx (0,77,
u(z,t) =0, zedQ, te(0,T], (7)
u(z,0) =ug(x), xel

a. Using a finite element space Vj, ¢ H}(Q), derive a semi-discrete approximation to (?7)
having solution wuy(t) € V3. This approximation satisfies up(0) = mpug with 7, denoting the
L?(Q)-projection onto V.

Solution: Let Vj, = span{¢;}}, for some basis functions ¢;. Then our solution u;, can be
written as,

M
up(z,t) = ;uz‘(t)qﬁi(x)-

Now multiply the PDE by a test function v, € V}, and integrate. Applying integration by parts,
we find,
((un)e, vn) + (Vun, Vo) + ((un)e + (un)y,vn) =0 (8)



So our semi-discrete problem becomes, find up(t) € V3 such that (??) holds for every v, € Vj
and up(0) = TRup. W

b. Show that
llun ()20 < lluollr2qy,  te[0,T]. 9)

Hint: Recall the integration-by-parts formula [, uvy, dx = [5q uvv;do — [ ugvdz, u,v € HY(Q),
where v; is the i-th component of the outward unit normal on 0f2.

Solution: Using the semi-discrete scheme from part a. we test with v, = up(t). So, (?7?)
becomes,

S de s [ (9P de s [ (o + (m)y)n da =0,

Using the hint and the fact that u; = 0 on 0f2, we can conclude that the last integral must be
zero. In addition, note that (up)iup = l%(zﬂ). Therefore, we have,

——|ul® + |[Vup|“dx =0
[ 5l + 9]
Dropping |Vug|?, we can write the inequality,
d
dt

Thus integrating from 0 to ¢, we have the result,

[ul[72(qy < 0.

w2 < lluollz2 (o)

c. Consider the initial value problem:
w + A w=0, w(0)=w, (10)

and the time stepping method with step size k:

wn+1 —w"

k
Here 6 is a parameter in [0, 1] and A € R with A > 0. Use this method to develop a fully discrete (0

dependent) approximation to (??) (Note: 6 =1 and 6 = 0 correspond to, respectively, backward
and forward Euler time stepping).

+ A0 + (1-0)w™) = 0. (11)



Solution: Using the method described for our semi-discrete approximation, we have,

n+1 n
(“h —Up
)

: vh) + (V(Gu?frl +(1-0)uy), Vup) + (div(QuZ”l +(1-0)up),vp) =0.

d. Let U™ € Vj, be the resulting fully discrete approximation after n steps using U = mhuq.
Show that for 6 € [1/2,1],
1022y < 1U°]| 220 (12)

Hint: Test with a discrete function that depends on 6.

Solution: We test with vy, = fu*! + (1 - 0)uy,
1 n+1 n n+1 n n+1 n|2
E(U -U ,QU +(1—0)U )+|HU +(1—0)U |H1(Q)
+ (div(oU™! + (1 -0)U™),0U™ ! + (1-0)U™) = 0.
Now from the hint in part b. the divergence term will be zero. So we are left with,
0||U"+1||%2(Q) -(1- 0)||U"||%2(071) +(1-20) (U™, U™ + kloU™ ! + (1 - 9)U”|§11(Q) =0.
Applying the usual inequalities, we have,

O™ 220y < (1= DU 2 + (20 - 1)U, U™
< (L= 0)|U agey + 126 = LU L2 10" 2o

1 1
< (L= O)[U™[72qy +126 - 1|(§||U"||2Lz(g) + QIIU"+III%2(9))-
If 1/2< 6 <1, then we can rewrite the above inequality,
1 1
§||Un+1||i2(9) < §||Un||i2(9)-

Therefore,
1T M L2y < 10U zzey < -+ < 10l L2 cay-

10



