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Problem 1. Let K be a non-degenerate triangle in R?. Let a1, a2, a3 be the three vertices
of K. Let a;; = aj; denote the midpoint of the segment (a;,a;), i, € {1,2,3}. Let P! be the
set of linear functions p(z1,x2) over K and X = {01,09,03} be the linear forms (or degrees of
freedom) on P! defined as o;;(p) = p(ai;), 1,5 =1,2,3, i # j.

a. Show that the degrees of freedom {012, 093,031} are unisolvent.

Solution: To prove unisolvence, we need to show that if o;;(p) =0 for all i # j and p € P!,
then p = 0. Consider p in terms of the barycentric coordinates, that is, p(z,y) = p(A1, A2, A3).
Now specifically, look at p restricted to the line passing through the points ai2 and ass3, call it
Ls. Note that, in barycentric coordinates, a2 = (1/2,1/2,0) and ass = (0,1/2,1/2). Specifically,
the line is defined as,

L2 = {()\1,)\2,)\3) e K : )\2 = 1/2}.

Note that p|r, is a 1-dimensional linear function that is zero at two points, we must have that
plr, = 0. Therefore, we can write p as p = a(A2 — 1/2). Lastly, by assumption p(1/2,0,1/2) =0,

hence —%a = 0. Therefore, p =0 and so X is unisolvent. m

b. Compute the “nodal” basis of P* which corresponds to o = {o12, 093,031 }.

Solution: Using the same arguments as in part a. we can similarly construct the nodal
basis of P!. So consider ¢ which satisfies, ¢o(ai3) = 1, and ¢2(a23) = ¢2(ai2) = 0. Then phis

has the form, ¢2(A1, A2, A3) = a(Ag — %) So, since ¢2(%,0, %) =1, we have that a = —2. Hence



P2 =-2(N\y - %) Repeating a similar argument for the other basis functions, we have,

é1 :—2(A1—%)
b2 =—2(A2—%)
b5 = —2(As %).

c. Let 7; be a triangulation of the domain € with polygonal boundary and let the finite
dimensional space V consist of functions whose restrictions to each K are the functions from
the FE (K,P!,¥). Show that in general these functions are NOT in H(Q).

Solution: Consider the unite square formed by the two triangles,

Kl = COHV{(O7 0)7 (17 0)7 (07 1)}

K2 = COHV{(L 0)7 (L 1)7 (07 1)}
Then consider the functions fi(x,y) = x+y and fo(x,y) = 2x defined on K7 and K> respectively.
Then note that fl(%, %) =1-= fQ(%, %) But f1(1,0) =1 and f2(1,0) = 2. Therefore, a globally

defined function on the whole square would not be continuous, even though the functions re-

stricted to the elements are the same at the degrees of freedom. Hence in general these functions
are not in H(1).

d. If Mg is the element “mass” matrix, evaluate its entries m;;.

Solution: By definition, the entries m;; are defined as,
mij = [ 6i6; dA.

We can transform this integral to the reference triangle K and then perform the integration,



where Ay =1-x -y, Ao =x and A3 =y. So consider,

m11=[K(¢1)2 dA
_ 1, 2|K]|
_[1%(_2()\1_5))2® dx dy

okl [ [ aa L2 dyd
o] [ [T a0 -a-y- ) dyda
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By symmetry arguments, mso and mgs will be the same. Similar computations will show that
m;j =0 for ¢ # j. Thus our mass matrix is,

1
My = —|K
K3||

S O =
O = O
- o O

Problem 2.

a. Let Q=(0,1). Assume that u e H'(Q) and let zg € Q. Prove that

lul22 0 < C1 (u2(20) + 16|30y )

with a constant C independent of xg.

Proof: We first prove the result for ¢ € C*(Q). Consider,
2 Lo
10ll72q) = _/0 ¢” d

:fol(fx:¢’(t)dt+¢(xo))2dx
< [Co [T ) dos 20002

<92 [)1 |z — x0|‘ f%:(gb’(t))2 dt‘ dz + 2@5(950)2
<2(¢*(20) +0lH1 (o))



In the above work, we used the inequality (a+b)? < 2a®+2b? and the Cauchy-Schwarz inequality.

By the Meyers-Serrin theorem, for v € H'(Q), we can find a sequence {¢,}neny € C(Q) N
H'(Q) such that ¢, - v in H'(Q). This implies that lpnllz2o) = llullr2(o) and |¢ulm1 ) =
[ul1(q)- Additionally, since  is 1D, functions in H 1(Q) are continuous, so by the Sobolev em-
bedding theorem, ||v|lco gy < Cllvllm1 (o). This implies that [|¢n[lcoq) = llullcoy, i ¢n(@0) >
u(zo). Thus, because we have convergence in H! and pointwise, the Poincare-type inequality
must hold for functions in H'(2). m

b. Consider the fourth-order boundary value problem
u®=f inQ, w0)=0, «(0)=0, «"(1)+ud'(1)=1, «"(1)=0. (1)

Derive a weak formulation of this problem assuming that f € L?(Q).

Solution: Multiply by a test function v and integrate by parts,

! 4) m |t ! "1
f wHodr=u"v| - f u v dx
0 0 0

=u"" (1)v(1) —u"(0)v(0) —u'"v'

1 1 mn_rn
+f uv dr
0 0

= " (0)v(0) - u" (1) (1) + " (0)0'(0) + fo " da

— d"(0)0(0) - v' (1) + u' (1) (1) + /01 u"" da.

Now since we have no information of u"’(0), we will impose the condition, v(0) = 0, on our test
functions. So our bilinear and linear forms will be

a(u,v) = /01 u'v" dx + ' (1)0'(1)
F(v) = fol fode +o'(1).
Lastly, our sobolev space will be,
V:={ve H*(0,1) : v(0) =0},

and our weak formulation becomes: find u € V' such that a(u,v) = f(v) forallveV. m

c. Show that the weak formulation that you derived in part b. above has a unique solution.



Proof: We will use Lax-Milgram to show existence and uniqueness. First, it is an easy
check to show that f is continuous. So lets show that a is coercive. Note since our space is a
subspace of H?, our norm is || - || m2(0,1)- We will need a trick from part a. that is, notice that if
we H?(0,1) then u’ € H(0,1). So the inequality from part a. can be applied to u’. In addition,
one can also prove the inequality,

||u||%2(0,1) < |u|%{1(0’1) fOI' al ueV
So consider,
1
a(uu) = [ (@) dw+ (o' (1))?
0
> Nullpagony + 5 (s + (/1))
2 51Uh2(0,1) * 5 UtlE2(0,1)
Lo Lo
2 Sluliaoy + 1l o)
1 1 1,
2 Slulioy + glulm o) + gllullzego)
1
2 g”“”%ﬂ(o,l)'
Therefore a is coercive. Now for continuity, we have,
1 "I
la(u,v)| < ‘ / u'v" dx
0

<"l z2o, 010" Il 22 0,1y + [ (1)v" (1))

< Hu”HQ(O,l)HvHH?(O,l) + HUIHCO([O,l])HU,”C'O([O,l])

+ |/ (1)o' (1))

<[l g2 0,0y 1Vl 20,0 + C”u/”Hl(O,l)||U/||H1(0,1)

< Cllullz o, 10l 2(0,1)

and

1
F@)I<| [ @) daf+ 1/ (1)
< ||f||L2(0,1)||U||L2(0,1) + CHUIHHl(O,l)
< (1£11z2 0,1y + Ol 20,1

Note we have not distinguished the constants in the proofs of continuity. Thus by Lax-Milgram,
we have existence and uniqueness. m

d. Using Hermite cubic finite element spaces (i.e., piecewise cubic elements lying in C1(Q))
derive a finite element method for the problem in part (b). Be sure to carefully define your finite
element space.



Proof: Let K = [0,1] be the reference element and K; := [z;-1,x;] be the global elements
for i =1,...,N, such that Uf\zfl K; =[0,1]. In particular, we define our mesh as 7}, := {Kz}f\:’1
We also define the affine geometric mappings, Tk, : K - K;, defined as T K, () = hiZ + x;—1 with
h; == x; —x;_1. We now define our finite element space as,

Vi={veC Q) :voTk, e P3,VK; € Tp,v(0) = 0}. (2)

The basis for this space is composed of the cubic Hermite polynomials. (Not going into the
details about these polynomials here.) Therefore, the discrete variational problem becomes:
find uy, € Vj, such that a(up,vy) = F(vp,) for all v, € V. m

e. Show that the finite element method you derived has a unique solution wuj and derive an
optimal-order error estimate for u —uy, in the H?(Q)-norm. Hint: A correct proof will involve
using an interpolation error bound. You may state and use such a bound without proving it.

Proof: First note that our finite dimensional space V}, is a subspace of V', so by Lax-Milgram,
we know there exists a unique solution uy, € V},. Since we have a unique solution on our finite
dimensional space, this means we can use Cea’s Lemma. In addition, let Z;, be the interpolant
of u on our space V;. Then we have the following,

2
2 .
Ju = wnlzp2qoy < O inf = onlie)

< Cllu = Tn(w)7r2
N

= C Y Ju=Tn(wlFa,) + 1t = Tn(w) i ) + v = Tn(w)Z2 k)
=1

Next, we transfer to the reference element.

al 1 d? = 2 1 d? - 2
2 — —~ —~ —~ —~ —~
||u-uh||H2(Q)goi_zl(ff{(ﬁﬁ(u-zh(u))) ndaz+ [ (5 @-Tu@)) hdz

v [ (@-Tu@)’haz)
N

1 o 1 o -
Y (104 =T @y + 710 =T @ ) + A A= T) (@) 2o )

Now we can use the Bramble-Hilbert lemma (or theorem) since |[(Id — fh)(')lHQ([?)a |(1d -

fh)(‘)|Hl(R)7 and | (Id-7,) (") HLQ(R) are bounded sublinear functionals which are all zero on P3.



Applying the Bramble-Hilbert lemma and transferring back to the global element K; we have,
N
1 1
2 =2 =2 =2
lu = un[ G2y < C; (75t + 31805 ) + Ml )
i

N
<O (W) ulfagrey + (B ulfa e,y + (WD [l iy
=1

N
<C ;(h‘L +h® + h®)[ulfa

N
4 2
<Ch Z|u|H4(Ki)
i=1
4y, 12
Taking the square root of both sides, we thus have our optimal error estimate

[ = unll 2 () < CRulgagay

Problem 3. Let u(x,t) be a smooth solution satisfying
Ou+ Poyu=0, zeQ:=(0,1), t>0 and u(0,z)=¢(x), ze (3)

where S € R and ¢ is a given smooth function. In addition, we assume that u(z,t) satisfies the
periodic boundary condition u(0,t) = u(1,t), t>0. Let V = {v e H'(Q) : v(0) = v(1)}.

a. Let N eN, set h:= ﬁ and consider the uniform mesh 7, composed of the cells [z;, xi11],
i=0,...,N. Let P(Tp) be the finite element space composed of continuous piecewise linear
functions on 7. Given ¢, € V n P(7,) an approximation of ¢, consider the semi-discrete
method: For ¢ > 0, find up(t,-) € V.0 P(7T,) such that u,(0,z) = ¢p(x) and for every vy, € P(Tp)

with v (0) = v, (1) there holds

h N
5 Z(:)(atuh(t7$i+l)vh(xi+l) + Opup (t, xi)vp () + B fQ Oup (t,2)vp () dzx = 0. (4)

Show that the above problem can be reformulated as a system of ODEs and express this system
in matrix-vector form.
Note: we assume that as a function of ¢, uy(t) > V n P(7p) is smooth.



Solution: Let {p;}Y! be the basis of P(7T},) consisting of the usual “tent” functions. Then
since uy(t,-) € V.0 P(T,) we write can write uy (¢, ) as,

N+1

up(t, ) = Z_(:) Uj(t)pj (). (5)

Then we can plug this uy into (4) and take vp(x) = ¢r(x) for some k € {0: N + 1}. Doing so
gives us the following,

h N N+1 N+1 ,
32 ( > Uy £ (i) Joon(win) + ( ) Uj ()¢ () )on(:)
0| =0 Jouri
N+1 (6)
+8 3, Ui [, (@hona) do =0
Using the fact that ¢;(z;) = J;,;, we can further rewrite this equation as,
N+1 N N+1
Z U (t)[ 5 (8110501 + 833000) | + B 3. U; (t)fgpj(x)gok(x) dz = 0. (7)
1=0 7=0

Let M and A be matrices with entries defined as, m;j, := % Zf\io(éj,ﬂlék,iﬂ +0;0k,:) and a; k=
B Jo ¢(x)pr(x) dz, respectively. Then we can write the problem as a system of ODEs in the
following form,

MU'(t) + AU(t) = 0, (8)
where U(t) = (Up(t),...,Uns1). B

b. Show that the Finite Element approximation wuy(t) satisfies

d X 9
pn Zuh(tjxi) =0. (9)
=0

Solution: We start by setting vy, := up(t,z) (for fixed t) in (4). Then (4) can be written as,

h L1 2y, 1 2 1 2
5;(§0t(uh(t,xi+1) ) + 50 (un(t, ;) )+ﬁﬂ2 50z (up(t,z)”) dx = 0. (10)

Note that the integral over omega will vanish due to the periodic boundary condition. Then the
remaining summation can be written in the following way,

hd

B[S+ a0+ st )] =0 (1)



Again by the periodic boundary condition we have wup(t,zn11) = up(t,z9). Thus we have,

ijz\f:u (t,z;)% =0 (12)
dt < h\lyLg) =Y.
|
c. Show that N
¢t fQu,Zl(t,x) dx <h Zuh(t,xi)2 < c[gu,zl(t,:v) dx (13)
i=0
and deduce the estimate
/{; ur(t,z) de < C /Q $3(0,) da. (14)

Here ¢ and C' are constants independent of h.

Solution by Xin Su: On the interval [z;,2;41],7 = 0,1,---N, up(¢,x) is a linear function
and u} (t,7) is a concave up quadratic function. Hence,

Ti+1 h
[ k) < SR () + (i) (15)

On the other hand, uy,(t, ) on [x;, z;41] can be written as up, (t, ©) = up(t, ;) + 3 (up(t, zis1) -
un(t, zi))(z = ;).

Ti+ ty i) —up(t, z;))?
f. 1ui(t,x)dmz((uh( ,a:+1)3 un(t, 7)) +uh(t,xi)uh(t,xi+1))h

U}Ql(t, a:i+1) + uh(t, xi)uh(t, .%'i+1) + u,zl(t, .%'Z) h
, 3 : (16)
g, (t, miv1) = fup(t, ) up (t, wi1)| + g (¢, 7;) L
3
N ut (t,iv1) + ui(t,xi)h
6
Summing up the equation (15) and (16) for i =0,1,---N, we get

N 1 h N
Zu%(taxi)+ui(tamN+l)) < A uf%,(t?‘r) < 5(”}21(t7x0)+2Zu%(tax2)+u}21(taxN+l))

i=1 i=1
(17)
By the periodic boundary condition, we have ui(t,a:NH) = ui(t,a:o). Thus, the desired
inequality is proven with ¢ = 3.

h
E(ui(t7$0)+2



L ort o LA Ly
5[0 uh(t,zr)dehZuh(t,J:i)s?)[O up (t,x) dz (18)
i=0

The above inequality holds for any fixed t;0. Use the inequality (18) and combine the result of
(b), we get

1 N N 1 1
fo uj (t,x) dx < 3h Zui(t,xl) = BhZu%(O,xi) <9 /0 ur(0,z) dr =9 [0 ¢r(x)dz.  (19)
i=0 =0
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