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Problem 1. Let 2= (0,1) and u be the solution of the boundary value problem

u® = (k(z)u') + g(x)u = f (=) (1)
u(0) =u"(0) =0 (2)
u(1) =0, u"(1)+Bu'(1) =1, (3)

for x € Q where k(z) >0, ¢(x) 20, f(x), v, and 5 >0 are given data.

a. Derive the weak formulation of this problem. Specificy the appropriate Sobolev spaces
and show that the corresponding bilinear form is coercive.

Solution: Let V := {v e H*(Q) : v(0) = v(1) = 0} with the norm |Jv||y := V]| 2 (). Then
multiply (1) by v € V' and integrate. Doing so, gives us

1o, . 1
/{; u® v — (k(z)u) v+ q(x)uv dz = [u""v]} - [0 u"'v" dx
— [k(z)u'v]} + /(;1 k(z)u'v' + q(x)uv dx
1
= —[u"v']} + fo u"v" + k(x)u'v + q(x)uv do
1
=—u"(1)v'(1) + _[0 u'"v" + k(z)u'v + q(z)uv dz
1
= —y'(1) + pu’ (1) (1) + A u'"v" + k(x)uv + q(x)uv dz

Adding yv'(1) to the right hand side with fol f(z)v dx, we define the bilinear and linear forms
respectively,

a(u,v) := /01 u"v" + k(z)u'v" + q(x)uv dz + Bu’ (1) (1) (4)

F(v) = folf(x)v da + ' (1), (5)



So our weak formulation is: Find u € V such that for all ve V,
a(u,v) = F(v). (6)

Note that u(0) = u(1) = 0 are essential boundary conditions, whereas «”(0) = 0 and " (1) +
Bu/(1) = ~ are natural boundary conditions, since they occur “naturally” in the variational
formulation. Before proving coercivity, we need a Poincare inequality. So consider,

1
[ fo w2 di
1 T 2
:/ (f u'(s) ds) dx
/ [ u'(s))? ds da
sfo (o (2))? da
= [l 72(0,1-
We need one more inequality, so consider,
1
iy = [ (@) da
iy, T 2
—/0 (u(l)—fx u (s)ds) dx
1 1 2
s/o 2(u'(1))2+2(/ u"(s) ds) da
1
<2(u'(1))? +2f0 (u"(2))? dz
= 2(u'(1))% + 2l[u"|[72 0.1y
Now for the coercivity,
1
a(u,u) = fo (u")? + k(z)(u")? + g(2)u? de + B(u/ (1))
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b. Suggest a finite element approximation to this problem using piecewise polynomial func-
tions over a uniform partition of € into subintervals with length h =1/N.

Proof: We suggest the use of the finite element (K, P,3) where K = [0,1], P = P3[0,1]
defined on K and X = {7, 71,072,073} with

Go(f)=1(0),  @(f)=rf(1),
aa(f)=£1(0),  Ts(f):=f'(1),

for f € P. The Ciarlet triple, (K,P,Y), is indeed a finite element if & is unisolvent and
dim(P) = card(E). To see that & is unisolvent for cubic polynomials, one only needs to check
for p e P, that if 3(p) = 0 for all 7 € & then p = 0. (We leave this proof as an exercise.) Note
that we call this finite element a Hermite element.

The shape functions, {@}je{0:3}, for the Ciarlet triple, (K, P,3), can be found by solving
the system of equations o;(6;) = 6;; for 4,j € {0 : 3}. Doing so we find the following: 8y(z) =
(z-1)(222 -z - 1), O (x) = —22(2z - 3), Oa(x) = x(x - 1)?, O3(x) = 22 (x - 1).

Let K; := [24-1,2;] with 2; — ;-1 = h for i € {1 : N} be our uniform partion of { with the
corresponding affine geometric mappings, Tk, : K - K;. Then define 7Ty, := {Ki}ieq1:ny to be our
sequence of shapes (our mesh) with the corresponding finite element approximation space,

P(Tp) ={veCY(Q) :v|g o Tk € P,YK € Tp,,v(0) =v(1) = 0}. (7)

The global shape functions can be constructed for P(7y), by using the global linear func-

tionals o; and o] defined by o;(f) = f(z;) and o}(f) := f'(x;) for i € {0: N}. Specifically, for

i€ {1,N -1}, we have ¢;|x, = 010 T, ¢slx,,, = O o T | and ¢ylx;; = 0 for j #,i+ 1. Also,

1; can be defined similarly with , and 5. For a more concrete demonstration, we present the
basis functions exaclty,

%(.ﬁ—xi)(l‘—.m,l)Q for x € [.%1;1,.1‘@'],

Yi(x) = h—12(m — 1) (x - x;) for x € [z;, mi41], (8)
0 otherwise,
%(l’—$i,1)2(%($i—l’)+l) for x € [131',1,1‘1'],

¢i(x) = #(azﬂl - x)2(%(:z: —x;) + 1) for z € [, mi41], (9)
0 otherwise.

It turns out that these global shape functions form a basis for this space. That is, P(7) =
span({d)i}ﬁ AN 0). (Note: ¢; and 1; are called the cubic Hermite polynomials, not to be
confused with the cubic Hermite spline.)

[ ]

c. Derive an error estimate for the finite element solution.



Proof: Assume our solution, u, is smooth enough; that is, let u € H*(Q). Let IIj, : C*(Q) -

Vi, be the canonical interpolation operator that projects onto our finite dimensional subspace.
That is,

N-1 N
(Ipu)(x) = Z; oi(u)gi(z) + ZE)UQ(U)%(@- (10)

Since a(-,-) is continuous and coercive and our problem has a unique solution by Lax-Milgram,
we can apply Cea’s lemma. So we have,

llu = up || g2 () < Cvifel‘f;h lw = vall2 () < llu = Hpull g2 ) (11)

We perform the usual analysis by transforming to the reference element. We let Tk, : [0,1] - K;,
defined by

v =Tk, (&) = Th +zi, (12)
and the inverse transformation is defined similarly,
T —Tj-1
h

We now perform the usual analysis by transforming to the reference element and then applying
the Bramble-Hilbert lemma. Thus, we have the following,

#=Txi(z) =

(13)

N
[Ju - Hh“”%{?(Q) = Z; [lu - Hh“”?{?([mi_l,mi])
N g
= f i () = ()i () + uj(w) = (Mpu)j(2)* + |uf () = () (2)]* da
i=1 Y Ti-1

N 1
=21f0 (lui(Tx, () = (Wpw)i(Tx, (2)) + |l (T, (2)) - (Tyu)(Ti, (7))

+ui (Tr, (2)) = (W) (T, (2))I7) hdz,

where the subscript ¢ represents the restriction of the function to the interval K;. (Note that
is it not entirely necessary to consider the restriction to the element K; since the mapping Tk,
will automatically stay on the element K;. However, we do so merely to keep track of what’s
going on in the computations.)

Before continuing further we need to discuss the projection operator II; in more detail. We
start by letting I : C*(K) — P and ), : CY(K;) » P, defined in a similar way as IIj,, where
P=Po Tfé; that is, p € P if an only if there exists p € P such that p=po T[‘(ll_. We can observe
the relationships of these projections through the following diagram where ¢ is the pullback
operator defined as ¢(v) = v o Tk;,

(U (G

Iy ;
CHK;)) —— P



Note also that, (IT,u) o Tk, € P and (I,u)|k, o Tk, = I}, ;(ulk,) o Tk,. From the diagram, it is
easy to see that
Hh,i(u|Ki) °© TKi = H(U|K1 °© TKi)' (14)
Using this identity, we are able to transform the interpolation operator from IIj to II. In order
to simplify notation, we write f; := f o Tk, for f: K; = R. So we have,
2 y ! —~ o~ |2 1»4 T2 1,-4/ T~ 2 A
||u— HhuHHz(Q) = ; /(; (|ul - wy|” + ﬁ'“% - Il |* + ﬁ|uZ - 117} | )h dz
N —~ T~ 112 h —~ T~ \/[|2
= (h”Uz - Hui”p([og]) + ﬁ“uz - (1) ||L2([o,1])

i=1

h ~
v g l@ - (02) 2 g0 )-

Note that ||(Id - IT) (")l z2(f0,17), |(Xd = TD) () g go.17)» and |(1d - ﬁ)(;\)‘Hz([O,l]) are all bounded
sublinear functionals defined on H*([0,1]) which are zero for all p € P. Therefore, we can apply
the Bramble-Hilbert lemma to get,

N h h
2 =12 ~ 2 —~ 2
||U - HhUHHz(Q) < CZI (h|u'5|H4([071]) + ﬁ|Ui‘H4([O’1]) + ﬁ‘uZ’H‘l([O,l]))

N 1 d4 .
=03 [ (g
N z; d4
- 3= .
_C;Li_lh ‘daj‘lul
= C(h® +B® + B |ulfa g

2 1 ,d* _

2 1 d4A2 .

T halgpat

2 2

4
d dzx

+ b ——uy

2 4
+ hﬁ‘d—4ui 7 Ui
dx dx

Taking the square root of both sides, we arrive out our error estimate,

llu = unll2(a) < Ch?|ulgacay-

Problem 2. Let Q = (0,1)? and u be the solution of the second order elliptic problem:

—AU = —Ugp gy — Uy = f(2), for zeQ (15)
@+u=g(:c), for x € 00 (16)
on



where n is the outward normal unit vector to the boundary 0 and f(x) and g(x) are given
functions.

a. Derive the weak formulation of this problem in the form a(u,v) = F(v), where a(u,v)
and F(v) are the appropriate bilinear and linear forms defined on the Sobolev space H!(f2).

Proof: Multiply (15) by a test function v in some space V' and integrate by parts,

—fAuvd:v=/Vu-Vvdac—f %vds
Q Q o0 On
=fVu-Vvdx—f g(m)vds+f uv ds.
Q o0 o0

Adding the integral [, g(x)vds to the right hand side, we have the following bilinear and linear
forms,

a(u,v) = /Vu Vvdx+f uv ds

F(v) = ffvdx+/ gu ds.

So the weak formulation of the problem is, find u € H*(Q) such that a(u,v) = F(v) for all
ve HY(Q).

b. Let Sj, be a finite element space of continuous piece-wise polynomial functions defined
over a regular partitioning of  into triangles and let ay(u,v) and Fj,(v) be the bilinear forms
where all integrals are computed approximately. Derive Strang’s lemma for the error of the
FEM: find uy € Sy such that ap(up,v) = Fy(v), Vv € Sp,.

Proof: Strang’s First Lemma: Let V;, ¢ V and let the bilinear form a(-,-) be uniformly
Vp,-elliptic. Then there exists a constant ¢ > 0 such that

lu=unll <] g {hu=zall + laCzn,) = an (e} + 1 = Fullos ]
zhth
To prove this, consider for zj, vy, € Vj,

an(up, = 2n,vn) = ap(un, vp) = an(2h, vn)
= Fy(vn) — an(zn, vn)
= Fp(vn) = an(zn,vn) + (a(u,vp) = F(vp)) + (alzn, vp) = a(zn,vn))
= a(u—zp,vp) + a(zn,vn) — ap(zn,vp) + Fp(vp) — F(vp).



Now we set vy, = up, — 25, and invoke V-ellipticity and continuity of a,

allun = 2n1* < lJu = znl[[un = znll +a(zn, vn) = an(zh, vn)| + [Fa(vn) = F(on)]-
We can then divide by ||lup — zx|| = ||vn||, the constant «, and then take the supremum over all
v, € Vi, to get,
fun = 21 € €= 2+ laCen ) = an (e Mo+ IFC) = F Ol

By the triangle inequality,
[l = unl| < [lu = 2n|| + [lun = 2nl|-

Combining these two, we can then take the infimum over all z; to get the result. m

c. Let Sy be the finite element space of piece-wise linear functions. Let all integrals in a(u,v)
and F'(v) be computed using quadratures. Namely, for 7 and e being triangle and edge defined
by the vertexes Pi, P», P3 and P;, P», respectively,

fTw(a:) da ~ %(w(a) L w(Py) + w(Py)), (17)
few(:c) ds |_§|(w(a) +w(B)) (18)

where |7] is the area of 7 and |e| is the length of e, and o and 3 are the Gaussian quadrature
nodes. Explain why a(w,v) = ap(w,v) for all w,v € Sp,.

Proof: Since w,v € S, we have that Vw- Vv is just a piecewise constant function. Note that
the derivatives on 2 are assumed to be weak derivatives since v and w are only piecewise linear.
Once we discretize the domain, we will then view the derivatives in the classical sense as v and
w are continuous on each element individually. Therefore,

[QVw~Vvd:c:Z Vw - Vv dzx

TeTh 27T
= Z 7|V (wl|r) - V(v]7)
7T
i ZT |L3|<(vw-w)(ﬂ)+(Vw-Vv)(Pz)+ (Vw- Vo) (£3)).

For the boundary integral, let F denote the collection of faces of the triangulation 7,. Denote
F?:={eeF:ecoN). Next, note that wv is a quadratic one dimensional polynomial. The
quadrature points are taken to be the Gaussian quadrature, which are exact for polynomials of
degree 2n — 1, where n is the number of points used; n = 2 in our case. Specifically,

fmwvds: 5 fwvdgc:e;@[f(one)(t)(voTe)(t)%dt: S iy () + (i) (8)).

ecFd Y€ e 2

7



where T¢ : [-1,1] — e and @ = w o T.. Recall that the Guassian quadrature is defined on the
interval [-1,1]. Also, if e = [a, b], the transformation is,

T(t) - %(1 “t)a+ %(t+ b,

Whence T'(t) = (b—a)/2 = |e|/2. Thus from the above identities, we have ap(w,v) = a(w,v) for
all w,veS,. m

d. Using the estimate of Part (b) estimate the error ||u — up||g1.

Proof: Recall that a is uniformly H'-elliptic, but a = aj, on S x S, hence ay, is uniformly
Sp-elliptic. Because of this, we can apply Strang’s lemma, and since ap,(w,v) = a(w,v) for all
w,v € Sy, our inequality reduces to,

[ = unllio) < Inf Jlu=zallg ) + [1£() = faC)llp-
Zhésh
Lets start with inf||u — z3||g1. Let II; be the projection onto the space Sy, so we have,

(inf ju-zpllmoy)” < |Ju = Tyl F1 g = Z [lw =Tl 371 (-
zp€Sh reT,

Now we transform to the reference element and apply the Bramble-Hilbert lemma. We also will

use the affine geometric mappings F; : 7 — 7, defined as F (&) = B& +b, where 7 is the reference

element. Let F! denote the Jacobian of F, then |det(F))| = |7|/|7]. Additionally, we skip over

the same arguments made about the interpolation operator II; in Problem 1. c¢. So we have,

S = Thalfy oy = 3 [ =Tl +[9(u- o do

T€Th 7T},

2
f o Fr = T(uo B )P +|(V(uo Fr - Ti(uo Fy ))'B | )@d;@,
T€T}, |T|

h

where V is the gradient with respect to the variables & = (&,7). We use the inequality, o7 A| <
||All|v], where v is a vector and A is a matrix; || - || is some matrix norm for A. Based on the
definition of B (hence B™!) we have that ||B™Y|| < C/h for some constant C. Using the notation
U, = u o F., we have the following,

> = Thalfyuy <8 T [ fic =) da+C 3 [ 190~ )F da

7T TeTh, TeTh
= Ch? Z ||(Id_H)(UT)”L2(+) +C Z |(Id—H)(uT)|H1(%),
T€TH T€Th



Notice that ||(Id - ﬁ)(-)||L2(%) and |(Id - ﬂh)(-)|H1(%) are both bounded sublinear functionals

defined on H?(#) and are exactly zero for linear polynomials on 7, therefore the Bramble-Hilbert
lemma can be applied,

> ||U—Hhu||%11(7) <COh? Z |uT|H2( y+C Z |uT|H2(T)

7Ty 7T T€Th

<C(h2+1) Y f S D%, di

T€Th |a|=2

<cy [ 3 D s

7'67’h |a| 2

<C Y [ B Dl dz
7T 77T |al=2

= Ch%ulfp2 -
Thus taking the square root of both sides, we have,

illgv ||u— ZhHHl(Q) < Ch|u|H2(Q).
Zn€Sh

Now for ||F(-) = F,(-)||+.n. To simplify notation we define the following functionals,
3

PR

Gu(o)= [ zds= Y %(z(a) +2(8)),

eeFo

Ey(2) :=fz(ac ) dx - Z

Te’Th

where F denotes the collection of all faces of the triangulation 7;, with F? being the subset
of faces belonging to the boundary. Note that Ej : H'(Q) — R is linear, bounded, and the
quadrature rule is exact for constant functions. So Ej(p) = 0 for all p € Py. The strategy is to
map to the reference element and then apply the Bramble-Hilbert lemma. (Remember that the
constant in the Bramble-Hilbert lemma depends on the domain, this is why we first map to the
reference element.) So consider,

IGDIEDY | [ ponde =11

=1

oF; da:—

're’Th‘ |

<Cr* ). |(fvh)°Fr|H1(+)
TeTh

7l
<O 3 ([ (mP  da z)”

<Ch® Y |fonlmi(r).
7Ty



If we specifically look at the the H' semi-norm, we can apply the product rule and some other
inequalities,

Fonlingey = [ 19 (on)P da
=f!fwh+vhvf|2 dz
< Ol mylonlin gy + 19 £l oy l[0nlIZ2 ()
Leo(r)IFRIHY (1) Le(r) L2(7)
< O[Ifyrs.eo oy lonl 1 -
Taking the square root we have,
|fonl iy < Cllfllwres (mylonll )

Using this result and some similar arguments from the beginning of the problem, we have,

|En(fon) < CB* Y | fllwes (ol lonll i oy

T€TH
<CW|| fllwreay 2 lonllm
7Ty,
1/2 1/2
<CR|flwr=@( 2 12) (2 lonllfrcny)
T€TH 7T

= CB?|| fllwr. 0y VI Thll[vnl 11 ) -

Where [Ty| denotes the number of elements in 7. Assuming some shape regularity, we have
that 7| o< [©2|/h%. Therefore, we can say that,

|En(fon)] < Ch| fllw.e@yllvnll g @)- (19)

Now for G, let z € H'(Q) which is continuous on 9Q and define F, : é - e to be the
affine transformation of the reference edge € to the edge e of an element 7. Note also that
|det(E))| = |e|/|é]. So we have the following,

Gu =] [ - T “aa) +29))

<) ‘fzds——(z(oz +z(5))‘

eeF9

f o F dé— |6|||(( 0 F)(@) + (=0 F)(D))|

<ch z | fzoF. ds—U<<zoF><a>+<zoF><ﬁ>>i

ecFo
< Ch Z |ZOF€|H1(é).

eeFo
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Again, we have applied the Bramble-Hilbert lemma since G(zp) = 0 for z; a constant polyno-
mial. Now consider for z = gy,

|Gr(gun)| < Ch Y. |(gon) o Felp e
ecF9

<CHP Y Jgonlm ey

ecF9

<Ch¥ 3 gl oy lonllz ey
ecFO

< CR*P|gllwroaa) X llonllm e
ecFO

Now we will apply the trace inequality, so note that vj |, = 0 for each 7 € T, then we have,

th||12ql(e) = HUhH%2(e) + HU;LH%%)
< llvnlF2or) + I0lIE2(om)
< C(llonll3r1 () + oAl (r)
= C(lonllFn (ry) * lonlip (o)
< Cllonl iy,

where 7 is the boundary element corresponding to the boundary edge e. Applying this inequal-
ity, we have,

IGr(gun)l < CH*2|[gllwroo o) D ol (n)
ecFO

1/2
< Ch¥2|lgllywr. o) VIFPI( X lonlliracen)
eeFo
< Chllgllwr.= oa)llvnll e )-

Using these results in ||[F' — F}||« 5, we have,

F(vp) - Fp(v
||F_Fh||>e7h: Sup | ( h) h( h)|
vpESH ||Uh||H1(Q)
< sup |En(for)|+|Gr(gun)l
thSh ||Uh||H1(Q)
Ch(|| fllwr. ) + 19l ao)llvnll a1 (o)
uneSh llvnll g o)
= Ch(||fllwr.= ) + lgllw.=a0))-

Combining all the results, we can conclude that,

llu = unll oy < Ch(lul gy + 1 fllwre ) + gl a0))-

11



Problem 3. Let Q = (0,1)? and u be the solution of the elliptic problem:
—Au+u=f(z) for xeQ, wu=g(z) for zed (20)

a. Let w, = {x = (x14,22) : 14 = th, x25 = jh, i,j = 0,1,..., N, h = 1/N} be a square
mesh in ). Write down the 5-point stencil finite difference scheme for the approximate solution
Uij = U(@1,,22;) of the above problem. Estimate the local truncation error.

Proof: Using the forward and backward finite difference for the second derivative operators,
we have ) )
% _ Ui+1,j - QUZ‘J‘ + Ui—l,j and 0°u _ Um‘+1 - QUZ‘J‘ + Ui,j—l
Ox? h? ’ O3 h?
Thus our 5-point stencil can be written as,
Uir1,j = 2Uij + Uicrj  Uija = 2Us5 + Ui
[ h2 * h2

] +Uij = f(@1,, 22,5)- (21)
Which simplifies to,

1
ﬁ(UHLj +Ui-1,j + Ui jo1 + Ui jo1 = 4U; ) + Ui j = f(214,225). (22)
Note that our local truncation error is the difference in the PDE at the point (214, 22 ;) from our
5-point stencil. In order to estimate the local truncation error, we need to expand our function
u(x1,x2) in a Taylor series about (x14,x2 ;). To simplify notation, we change x := z1 and y := x,
where z; := x1; and y; = 22 ;. So we have,

o) = uos ) + 5 o) 00 + 5 )0 - 15)
2 2 2
G ) 0+ 25 ) = ) (=) + G ) - 0)?)

34

A O )@ ) 8 ) @ - 2 - )

63u 831&
BW(xi’ yi) (= zi)(y - y;)* + 8—y3($i,yj)(y - yj)3] +H.O.T.

where "H.O.T.” represents "higher order terms”. Now we compute each term in our 5-point
stencil using this Taylor series,

ou  h20%u  h3u

u(mi+1,yj):u(a:i,yj)+ha—m o2t 6 a8 +O(h%)
(i) = uagp) bt U T o)
s gen) = i) +h 20+ 0L IO oty
U(fb’z’,yj—ﬁZU(xi,yj)—h%Jrh;% };3233 O(n*)

12



Plugging these values into our 5-point stencil gives us,
1
_ﬁ(élUi,j + h2AU($Z’, yj) - 4Ui7]’ + O(h4)) + Ui,j = f(.’El,yJ)
Which simplifies to
—Au(wi,y;) + Ui j+ O(h?) = f(wi,y;)-

Thus our local truncation error is,
75,5 (P)] < O(K?).

b. Show that
max |U(z)| < max |[g(z)|+max|f(x)|.
TEW}, rew,NON TEWY},

Proof: Case 1: The maximum occurs on the boundary. In this case, we have

U = U(x)|= < + .
max|U(z)| = max [U(z)]= max |g(z)[< max |g(x)]+max|f(z)

Case 2: Assume the maximum occurs on the subset wy \ 92. Then by our 5-point stencil,
1
=73 Ui + Uicj + Uigar + Uigo1 = 4Ui) + Ui = f (@i, 95),
can be rewritten as
(4+ 1)Uy =02 fij+ Uisrj + Uiir g + Ui jor + Ui ja.
Taking absolute value, applying triangle inequality and maximizing we have,

2 2
.. < -
(4+h )0£?§V|Uz7j| < h” max|f(z)] +40g§g§VIUz,JI

Thus, we have,
max |U(z)| < max|f(z)|+ max |g(x)]
TEwy TEWp, TewpRNON

c. Using this a priori estimate and the estimation of the local truncation error in a. con-
clude that for sufficiently smooth solution u(z) the following error estimate (with a constant
independent of h):

max |U(z) - u(z)| < Ch? (23)

TEWR

13



Proof: 1 think this solution may not be quite correct. I need to look at the details again.
Define,

Lu:=-Au+u
g 1
LU = _ﬁ(UiJrl,j +Ui-1,j + Ui je1 + Ui jo1 = 4U; ) + Uy 5.
Then the error in the discrete operators can be written as,
L;fU — Lﬁlju = LﬁfU - (Lu) (@i, y5) + (Lu) (x4, y5) - Lgu
= f(zs,y5) = f(zi,y;) + (Lu) (2, y5) - L
= (Lu) (@i, ;) = Ly u

Note that u does not necessarily solve LZju = f(z4,y;). But we still have that U, noq = Ulw,no0 =
g. Suppressing the ij notation on the operator Ly, we have

Lp(U-u)=Lu-Lyu on wpy \ 00
U-u=0 on wy, N ONN.

From this problem, we can apply part b. for the inequality and then part a. for the local
truncation error, which gives,

max |U(z) — u(z)| < max|Lu - Lyu| < Ch*.
TEW}, TEWR
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