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Problem 4. Let H be a complex (separable) Hilbert space, with (-,-) and || -|| being the
inner product and norm.

Solution:

b. Briefly explain why the operator Ku(x) := fol (3+4xy?)u(y)dy is compact on H = L2[0,1].
Determine the values of A € C for which v = f + AKu has a solution for all f e L?[0,1]. State
the theorem that you are using to answer the question.

Solution: Note that K is a Hilbert-Schmidt operator and hence is compact. First define
L :=I-)\K, then we want to determine N(L*) = N(I-AK™). Then since K is Hilbert-Schmidt,
K* will be

1
(K u)(@) = [ (3+4ya®)u(y) dy
Lets now set L*u =0, and take some observations
_ r1
L*u=u(x) -\ fo (3 + 4yx®)u(y) dy = 0
_ 1 _ 1
=u(x) -3\ /0 u(y) dy - 4 z? [0 yu(y)dy =0

We now consider two different equations. First we integrate the equation with respect to z
and integrate the equation against z, again with respect to x. Lets start with finding the first



relation
1 S| 1, ot
[0 u(x) dzr -3\ fo u(y) dy - fO A\x fo yu(y) dydx =0
_rl 4 1
(1-3%) [ u()dy- 37 [ yu(y) dy =0

0 3 Jo

Setting I = fol u(y) dy and Iy = /01 yu(y) dy we have the following relation
_ 4_
(1-3\)11 - 5)\12 =0
Now for the next relation, multiply by x and integrate the original equation, i.e. we have
1 1,1 1L, ol
/0 zu(z) dx - /0 x3)\/0 u(y) dy dx — /0 4\x fo yu(y) dy dx =0
_rl 3_ 1
(1-X) fo zu(x) dr - 5)\f0 u(y)dy =0

Thus our second equation is
3_ _
—5)\11 + (1 - )\)_[2 =0

Proof:

Problem 1. Consider the system

—Au-¢=f
u-Agp=g

in the bounded smooth domain 2, with boundary conditions u = ¢ = 0 on 9f.

a. Derive a weak formulation of the system (1), using suitable test functions for each
equation. Define a bilinear form a((u, @), (v,1)) such that this weak formulation amounts to,

a((u,¢), (v,9)) = (f,v) + (g,%). (2)

Proof: Multiplying the first equation by a test function v and the second equation by a test



function v, we then integrate. Doing so gives us,

/Q—Auv—(;ﬁvdw:—fa Z—Zvder[QVu-Vv—qudw
fﬂw—mwdm:—fa g—ﬁwds+[gud)+v¢-v¢dm.

Q

Q
Adding the two equations together and taking the essential boundary condition that (v,) €
HJ () x H} (), we have,

al(u,6). (v, ) = [ Vu-To+ V6V +up - gvda = (f,0) + (9.%). 3)

b. Choose appropriate function spaces for u and ¢ in a.

Proof: We simply take (u,¢) € V := H}(Q) x H} (). So our ansatz and test function spaces
coincide.

c. Show that the weak formulation in a. has a unique solution. Hint: Lax-Milgram.

Proof: We want to apply Lax-Milgram to guarantee a unique solution, but we first need to
prove continuity and coercivity of our bilinear forms. We will use the norm,

G I = /Tl gy + 1011 (4)

to prove the results. Similarly, since v and ¢ are both in H&(Q) we will have a Poincare



inequality, therefore, we have,

a((4,6). (.0)) = [ [VuP +[96[ + uo - pude
=[Q|Vu|2+|v¢|2dx
= |U|§11(Q) + |¢|%{1(Q)
= Sy + 5108 + 3ol @ + 5108 )
> Sy + 59 + 2 s + 5 16
> - min{1, O} (Julffs + I91B)
- all(w, S

Thus a is coercive. Next we will show a is continuous,

a((u, @), (v,v)) = fQVu-vU+v¢-vw+u¢—¢vda:

< ulgroylvla @) + [9lar @) la ) + Il @)Yz ) + 18l L2 @) lvllz2 @)
< lull g ) (ola o) + 1012 )) + 9lla @) (¥]a @) + [[vllz2))

< (el g ) + ol )) vl @) + 191 E1 ()

< V2 (u, NI V2l (o, )]

= 2|[ICw, &[] - [[[ o, ).

It is also easy to check that the right hand side (f,v) + (g,%) is continuous. Therefore by
Lax-Milgram, there exists a unique solution.

d. For a domain Qg = (-d,d)?, show that
[ull < ed?|[Vull® (5)

holds for any function u € H} (Qq).



Proof: Consider,

= [ [ utey)? dedy
- [ e+ Sute y>2da:dy
- [ 1(fd seutcnde) « 5( [ Sty an) o dy

; [d o) [, ag“(g’y)) a+rd) [ —u(x m) dn]da dy

fdd f ae (& y) fj(a—nu(%n)) dn dz dy
:2d2fQ |Vu|2d1:dy

= 2d2|| vl

e. Now change the second “~” in the first equation of (1) to a “+”. Use d. to show stability

for the modified equation on 4, provided that d is sufficiently small.

Proof: If we repeat the same process for this new set of equations, we will end up with the

bilinear form,

a((uvgb)’(vﬂ/})) = Ld VU'VU+V¢'V¢+UIZJ+¢Ud$

Now take d small enough such that 1/(2cd?) > 1. Then, we have,

a((u,9). (u.0)) = [ |7ul?+ |76+ 2u6 do dy
d
1 1 1 1
= [ Sivul e SIvets —IVuP + SV +2ug do dy
Qq 2 2

1 1
> [ SR+ ITOP (P + 6P + 2ué do dy.
Qq 2 2

4d2?



Take d small enough so that ﬁ > 1. Using this inequality, we have,

a((0,0). (u.8)> [ SIvul+ 5V0R + u? 4 62 + 2udo dy

1 1
= /{;d 5]Vu|2 + §]V¢|2 +(u+ @) dx dy
1
2 5(’“@{1(%) + \qﬁﬁfl(gd))
1 1
2 Z(Wﬁ{l(gd) + |¢|12L11(Qd) + ﬁ(llulliz(gd) + ||¢||%2(Qd)))
1
2 5(”“”%{1(9(1) + ||¢||§{1(Qd))
1
=5ty oI

Thus a is coercive. How does this relate to stability?

Problem 2. Consider the two finite elements (7,Q1,%) and (7,Q1,%) where 7 = [-1,1]? is
the reference square and

Ql = span{l, z,Y, l’y} (6)
Ql :Span{vay?xQ_yQ}' (7)

¥ ={w(1,0),w(-1,0),w(0,1),w(0,-1)} is the set of values of a function w(x,y) at the midpoints
of the edges 7.

a. Which of the two elements is unisolvent? Prove it!

Proof: To show unisolvence, we need to show that if the linear functionals all evaluate to
zero for an arbitrary function in @1 or Q1 then our function must be identically zero. So let
w(z,y) =a+bxr+cy+dry e Q1. Then we have

w(1,0)=a+b=0
w(-1,0)=a-b=0
w(0,1)=a+¢c=0
w(0,-1)=a-c=0.

solving these systems of equations, we can conclude that a = b =c¢ =0. However, d can be any
value, say d # 0, then w is not identically zero, hence (7,Q1,3) is not unisolvent.



For the other finite element, we take w(z,y) = a + bz + cy + d(z> - y?) € Q1. Performing the
same process, we have,

w(1,0)=a+b+d=0
w(-1,0)=a-b+d=0
w(0,1)=a+c—-d=0
w(0,-1)=a-c-d=0.

So if we solve this linear system, we find that a =b=c=d =0. Thus w(x,y) =0 and therefore
(7,Q1,Y) is unisolvent.

b. Show that the unisolvent element leads to a finite element space, which is not H'-
conforming.

Proof: To show this, we only need to show a specific example. So let K; be the square
[-1,1] x[-1,1] and K3 be the square formed by the vertices {(1,-1),(3,-1),(3,1),(1,1)}. We
define €2 := K; U K5. Then the unisolvent element leads to the following finite element space,

Vi={v:Q->R:voTk, €Q, for i=1,2, and v|g, (1,0) = v|x,(1,0)}, (8)

where Tk, : 7 - K;. We claim that V, ¢ H'(2). So let w € V}, and define w; := w|x, and
wy = w|g,, where

'U)l(x,y) = 33'2 - y27

wnlz,g) = .
Then notice that wy(1,0) = wo(1,0) = 1, but wi(1,y) =1 -y? # 1 =ws(1,y) for y # 0. Therefore

w ¢ H'(Q). (Note, the discontinuity is not removable.) Hence the finite element space is not be
H'-conforming. m

Problem 3. Consider the following initial boundary value problem: find u(z,t) such that

U — Ugg + U =0, O<z<l, t>0 (9)
Uz (0,t) = uy(1,t) =0, t>0 (10)
u(z,0)=g(x), O<z<l. (11)



a. Derive the semi-discrete approximation of this problem using linear finite elements over
a uniform partition of (0,1). Write it as a system of linear ordinary differential equations for
the coefficient vector.

Proof: First, we mulitply the PDE by a test function v(x) in some space V and integrate
over (0,1), doing so gives us,

0= [01 ug(x, t)v(x) — uge(x, t)v(z) + u(z, t)v(x) de

= (ug,v) + /(;l Ug(z, ) vy () + u(z, t)v(x) doe - ux(:v,t)v(az)‘;

= (ut7v) + a(“’u U)?

where

1
(u,v)z/o wv dx

1
a(u,v)z_/o Uy Uy + UL di.

In this case our function space will be H'(0,1). Let K; := [x;_1,2;] and Tj, := {K;}¥,. Let
K :=[0,1] be the reference shape and define the affine geometric mappings, Tk, : K - K;, by
Tk, () = h@ + x;—1. Then our finite element space is defined as,

Vi, = {veC%0,1) tvoTx e P, VK € Ty}

Our weak formulation in the finite element discretization is, find uy(t) € V3, such that % (up(t),vp)+
a(up(t),vp) =0 for all vy, € Vi, with uy(0) = u) (x) being an approximation of g(x).

The basis for V}, consists of the usual nodal Lagrange shape functions (tent functions); that
is, Vj, = span{¢;}¥,. Set the test function, v = ¢; (), and express uy(t) in terms of the basis
functions,

N
up(z,t) = zglﬁ(t)¢i($)'

Here, the wu;(t) are the unknown coefficients. Additionally, our initial data is expressed as,
u)(z) = ¥, gidi(x) (where g; are known coefficients). Plugging this all into our variational
equation, we find,

1 N 1 N N
[ L uioi@)e@) du+ [ Y ui(O)di@)6 (@) + Yui(t)ou(@)g;(a) da,
i=0 i=0 i=0

for j=0,...,N. Let U(t) = (uo(t),...,un(¥))T, M and A matrices with entries m;; = (¢, ;)
and a;; = a(¢;, ¢;), respectively. Then our system of equations is written in the following matrix
form,

MU'(t) + AU(t) = 0,
U(0) =G,



where G = (go, ...,gn)". This is the system of linear ordinary differential equations. m

b. Further, derive discretizations in time using backward Euler and Crank-Nicolson methods,
respectively.

Proof: For the backward Euler we have,

n+l _ ,n

(%wh%ra(uzﬂ,vh) =0 (12)
where u} = up(z,t"). For the Crank-Nicolson method,

n+l _ . n n+1 n

+
(%,vh)ﬂl(%’vw:o (13)
These methods can also be written in matrix form. For the backward Euler we have,
Un+1 _yn
M———— + AU™! =, 14
At (14)

where U™ = U(nAt). We can solve for U™*! which gives,
U™ = (M + AtA)TMU™
For the Crank-Nicolson method, we have,

n+l _ 7 n+1 n
U AtU +AU 2+U _o.

M

Solving for U™, we have,

At
2

At

U= (M + =AY (M - =AU

c. Show that both fully discrete schemes are unconditionally stable with respect to the initial
data in the spatial L?(0,1)-norm.

Proof: To prove the stability, we use the variational form, so consider,

n+l _ ,n

T ) +a(t ) =0,

(At



where u™ = u(z,nAt). Then if we take v = u""!, we have,
un+1 —um
(T7un+1) + a(un+1’un+1) =0.

Note that a(u™!,u"*') > 0, so dropping that term, and rearranging, we end up with the
inequality,
[u™ 22 0.0y = (™™ ) < (W a™ ) < [Ju| 20,0 1™ ] 2(0,1)-
Hence we have
1 0
[l lz200,1) < llw"(lL2g0,0) < - < lw’llL20,1) = ll9llL2(0,1)-
Thus the backward Euler is unconditionally stable.
Now for the Crank-Nicolson method,

un+1 —u" un+1 +ul
—.,v) +a v) =0.
(0 et )
We repeat the same tricks as we did for the backward Euler, except this time we set v = “n+12+“n

This gives us,

At 2
If we expand the inner product and rearrange terms, we end up with the inequality,

12 2
™ MI7200,1) < 114" I72(0,1-

Hence by the same arguments as before, we have,

HUHHHB(OJ) <lgllz2¢0,1)-

Thus the Crank-Nicolson method is unconditionally stable. m
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