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Problem 1. Consider the following two-points boundary value second order problem in
1-D: Find a function u define a.e. in (0,1) such that

—(zK(2)u'(2)) +zq(x)u(z) = xf(z) a.e. in (0,1), (1)
}Ci_r)r(l)(xu'(x)) =0 and K(1)u'(1) +u(1) =0, (2)

where K € C*([0,1]) and f e L?(0,1) are given functions. Assume that there exists a constant
ko > 0 such that K(x) > ko and ¢(z) > 0 for all z € [0,1]. Let

V={velL} (0,1):zveL*0,1),Vzv" e L*(0,1)}
Accept as a fact that V is a Hilbert space for the norm
1/2
lolly = (Va2 + IVEV I7201))

and C1([0,1]) is dense in V for this norm.
a. Derive the variational formulation (also called weak formulation) of problem 1 in the
space V.
Solution: Taking v € V', multiply the equation (1) and integrate to get the variational form.
1 1
/ —(zKu")'v + zquvdz = f rKu'v' + zquudz - lim [J:Ku'v]l
0 0 =0 t
1
= [) rKu'v' + zquvdr - K(1)u'(1)v(1) + Pn% tK (t)u'(t)v(t)
1
= f rKu'v' + zquudr + u(1)v(1) + (Pn& tu’(t)) (K (0)v(0))
0 —

1
= f rKu'v' + zquudz + u(1)v(1)
0



Thus we have a(u,v) := fol xKu'v" + zquudr + u(1)v(1) and F(v) = fol zfodr. m

b. Prove that the corresponding bilinear form of this variational formulation is elliptic (or
coercive) in V. Hint. First show that all functions v of C1([0,1]) satisfy

1 1
fo v(z)?de = v*(1) -2 fo zv(z)v'(x) do (3)
and then establish the following variant Poincaré’s inequality

1/2
voeV, [Vallzzg < o (v*(1) +Var'|201)) (4)

for some constant o > 0. Based on this equality deduct the ellipticity.

Proof: First we prove the hint, which is just integration by parts. Hence,
! 2 271 !
f v(z)*dx = [zv(x)7]) —2] zv(z)v'(x) do
0 0
1
=u(1)2-2 f av(x)v’(x) d.
0

So for the variant Poincare inequality, consider, Couldn’t figure out the proof with the hint.
Used a similar idea though.

1
Vo220, = fo 02 du

1 11
= —m2v2|1 - f —2% . 200 dx
2 0 Jo 2

1 1
= —v%(1) - f 220’ dx
2 0

Using the fact that 22 <z on [0, 1], we have,
2 1 2 L !
Voo < 3021 + [ aloll'|do

1 1 12, r1 1/2
< 51)2(1) + ([) zv* d:c) (/0 z(v')? da:)

1
=—v*(1) + IVl 20,1y V20 | 20,1

2
1 2 1 1 2 1 2
S5v (1) + §||\/E’U||L2(O,1) + 5”\/5’0 7201
Subtracting both sides by %H\/EUH%Q(O 1) and then multiplying by 2, we have,
IVZull7201y € v*(1) + IIVZV|[72(0,1)-

2



The result follows by taking the square root.

Now to prove that this variant Poincare inequality holds for all v € V. Let v € V, then there
exists a sequence {v,} c C1([0,1]) such that v, - v in V since C1([0,1]) is dense in V. That
is, limy, o [[vy, — ||y = 0. Note that ||\/2v'||12¢0,1) < llvllv and [\/2v]| 20,1y < [[v]lv, which implies
that,

tim [V~ )220, = I [VE s~ oY |20 = 0. (5)

Next, we claim that v, (1) - v(1). To show this, we need a trace-type inequality. Specifically,
we claim that v(1) < Cl|v||y. Using the variation of the hint that we derived at the beginning,
we have the following,

1 1
v?(1) =2 xv? dx + 2 22ov’ dx
0 0
1 1
<2 fo (Vav)? dz + fo (Vav) (V') de)
< 2(||\/EU||2L2(0,1) + V@l L2 0,0 IVZV | L2 (0,1))

<4l

Therefore,
[on (1) = o(D)] < [(vn = 0) (V)] < 2|jon = 0[]y > 0. (6)
Thus v,(1) - v(1) as n - oco. All of this is to say that, the variant Poincare¢ inequality holds
forallveV.
Now to show coercivity, lets start with v € C*([0,1]), then we have,

a(v,v) = /01 zK(z)(v'(2))? + zq(x)v?(z) de + v (1)

1
> fo ko(vVav' (2))? + zq(x)v*(z) dx + v*(1)
2 Fio”\/EU,“%?(og) +0?(1)
> min{ro, LH(INVEV B, + v2(1))
We now apply the variant Poincare inequality,

. 1 1 1 1
a(v,0) > minfro, 15 IVE By + 5D + 5IVEV a0 + 502(1)

. 1 1 1
> min{ro, 1} 5 IV& 7201y + 50° (1) + 5 IVl )

1.
2 §mlﬂ{ﬁo71}||v||%/'

c. Choose an integer N > 2, set h =1/N, let x; = ih, 0 <i < N and define the finite element
space,
Vi = {vn € C°([0,1]); vpl(z; 25,1) €P1,0<i < N =1}, (7)

3



Show that V}, is a subspace of V. Discretize the variational problem in this space. Prove existence
and uniqueness of the discrete solution and establish an error estimate without estimating the
norms of the interpolation errors.

Proof: Obviously the scalar multiplication and addition of any two vectors in V}, still belongs
to V}, since elements in V}, are piecewise linear. To see that Vj, ¢ V', note that for vy, € V},, vy, is
piecewise linear so v/zvy, € L2(0,1) and vy, € Ll20c' Note we consider the derivative of vy, written
as vy, to be the weak derivative. In particular this weak derivative will be a piecewise constant
function with a finite number of discontinuities. Certainly then v}, € L?(0,1) and therefore NGO
is also in L2(0,1).

Our variational problem then becomes, find uj, € Vj such that a(up,v,) = F(vy,) for all
vy, € V. Note also that V}, is a finite dimensional space, and therefore V}, is a closed subspace
of V. We wish to apply Lax-Milgram for this finite dimensional problem, however we still need
to show that a(-,-) and F(-) are continuous. It is an easy check to show F' is continuous, so we
will only show that a is continuous. Consider,

la(u, v)| < fol K (z)Vau' Vo' + q(@)VrullVav] de + [u(1)]lo(1)] (8
(

<max{||K||z(0,1); ||Q||L°°(0,1)}(||\/EU'||L2(0,1)||\/ZU’||L2(0,1)
+ |Vl L2 0.1Vl r2(0,1)) + Allullvvlly (10
<max{4, ||K||z=(0,1), llgllze o,0) Hillv[[v]lv- (11

)
)
)
)

Thus, Lax-Milgram applies to the variational problem on V}, which guarantees existence and
uniqueness.
For the error estimates, we have by Cea’s lemma that,

llu—upllv < inf |lu—wvpllv < |lu-Zpullv,
l)hGVh

where 7}, is the canonical interpolation operator. (Note: you will need to actually prove Cea’s
lemma.) m

Problem 2. Let  be a bounded domain in R? with polygonal boundary 0. Let
Hy(Q) ={ve H(Q) :v(z) = 0 Yz € 90} (12)

be the standard Sobolev space of functions defined on €2 that vanish on the boundary.
In all that follows T > 0 is a given final time, ¢ > 0 is a constant and ug € C°(Q) are given
functions. Consider the parabolic equation: Find a function u defined a.e. in 2 x (0,7") solution



of

ou  0*u  0*u

— - =0 a.e inQx(0,T

o o2 ax%+cu a. e. in Qx(0,7)
u(z,t) =0 a.e. in 02 x (0,T)

u(z,0) =up(x) a.e in Q.

(13)

Accept as a fact that problem (13) has one and only one solution u in L*(0,T;L*(Q2)) n
L*(0,T; Hy ().
Let Ty, be a finite element partition of 2 into triangles 7 of diameter h, < h. Further, let

Wy, = {vh € Co(ﬁ) V71 eTy, Uh|7 e P, Uh’ag = 0}, (14)

be a finite element space of continuous piecewise linear functions over 7y,.

Consider the fully discrete backward Euler implicit approximation of (13): for K a positive
integer, set k = T/K, define t,, = nk, 0 <n < K, and for each 0 <n < K -1, knowing uj € W), find
uzﬂ € W}, such that for all vy, € Wy,

1
E(UZH - u1}17 Uh) + a(uz+17vh) =0, (15)

for n = 0,1,...,K and u) = I,(up). Here (-,-) is the inner product in L?(f2), the bilinear

form a(u*!,v) comes from the variational formulation of problem (13), and I, is the lagrange

interpolation operator in Wj. Write the expression of a(uf*!,vy).

a. Show that (15) defines a unique function u*! in Wj,.

Proof: We start by first writing out the variational form. Using the backward Euler method,
we express Ouy /0t as a finite difference, that is,

n+l n
Qup, up™ —uy

ot k

(16)

So, multiplying (13) by v, and integrating over 2, we have

un+1 —ul 1
f (%)vh - Au oy + cut oy, da = f E(UZH —ufYop + Vuptt - vy, + cult oy, de.
Q Q

So we have that a(uf*!,vy,) = Jq Vuptt . oy, + cuf oy, da.

The proof for existence and uniqueness is inductive; that is, we assume that the solution
has been computed up to time, t". This discrete variational problem can be formulated as a
matrix equation by expressing our functions in terms of the nodal Lagrange basis functions. In

particular, we write uﬁ“ = Zf\il u;”lgi)i where u;”l € R are the unknown coefficients and ¢; are



the nodal Lagrange basis functions. We also write uf = YN, u?¢;(z) and set v, = ¢; in the
discrete variational equation. Doing so, gives us an N x N linear system of equations:

(M + EA)U™! = U™, (17)

where U™ = (uf,...,u%)T and M and A are matrices with entries (¢;, ¢;) and a(¢;, ¢;), respec-
tively.
First consider the problem in which U™ = 0. We claim that U™*! = 0 is the only solution. This

matrix equation is now equivalent to the variational problem of solving (u"+1 vh)+a(u”+1 vp) =
0. Testing this equation with vy = Z“ we arrive at the following conclusion,
1 12 112
R By + 1 Brs oy + el gy =0 (18)

This implies that M“rl = 0, i.e. U™! = 0, which means that the null space of our operator
M + kA is trivial. By the rank-nullity theorem, this implies that the operator M + kA has
full rank. Which ultimately concludes there exists a unique solution to our finite dimensional
variational problem. m

b. Prove the following stability estimate,

sup ||UZ||%2(Q) +k Z |uZ|12L11(Q) s ||U2||%2(Q) (19)
1<n<K n=1

Proof: Let n be arbitrary in N. Then let v, = u;l”l in our backward Euler method. This
gives us,

(un+1 Z?uh+1) + a(un+1 Z+1) _ 0’
which can be written as,
(UZJrl ;LHl) — (U;LL’ n+1) ka(un+1 n+1)
12
A ||L2(m Fup™ 1 gy = ekl 220
2 1

< Sllunlizee) + 5 ||Uh+ 1220 = Elui ™ i1 0y

Subtracting both sides by 3|[u’*||2, (q)» We have the inequality,

1

||un+1

||L2(Q)— ||uh||L2(Q) /<?|u”+1|?{1(9)



We can then repeatedly apply the inequality for uy, up~ L etc... Hence, we have,

n+1 1 n+1
§||uh+1||L2(Q) —||Uh||L2(Q) k Z |uh|H1(Q) _||uh||L2(Q) k Z |uh|H1(Q)'

Rearranging the equation we have,

n+1
72 + K Z [ 1 oy < lupllZ2 -
Jj=

c. Also prove the estimate

sup [uplp(a) < [upl o)- (20)
1<n<K

Proof: We want to make a “guess” for the test function vy in the discrete equation to arrive
at our estimate. Let us define the discrete Laplacian operator Ay : W), — W}, to be the action

(Ahvh,wh)=fQVvh-thdx. (21)

The existance of this operator can be proven through linear algebra. Let us recall our discrete
equation:

(u”+1 —ujt,vp) +a(uptt, vy) = 0. (22)
Expanding a(-,-) using the inner product notation yields:
1
E(ug” o) + (VU vop) + e(uptt up) = 0 (23)

Note that the second term can written as follows: (Vul™,vuy,) = (Apuf*t,vy,). Now let us
choose vy, = Ahu’1+1 and substitute into the above equation:

(U”+1 uppy Ay ™) + (Apu ™ A ™) + e(up™, Apu™t) =0, (24)

But note that c( At = ¢ [ |vuptt? dr and (Ahuh+1 Ath”) are both nonnegative.
So we can drop those two terms to arrive at the inequality, + T(ult -l Apulrt) < 0. Therefore,

|un+1 %—Il(Q) f |vun+1 2
— (Ahun+1 Z+1
< (Ahun+1 uh)

:fQVu”+1 Vuy dx

< |UZ+1|H1(Q)|UZ|H1(Q)'



Thus, |u}*| w1 (@) < [up|mpiq)- Applying this inequality for each time step n and then taking the
supremum yields the result. m

Problem 3. Consider the interval (0,1) and the set of continuous functions ¢ defined on
[0,1]. Let a1 =0, ap = 1, ag = 1.

a. Consider the following two sets of degrees of freedom,

1
Y1 ={0(a;), j=1,2,3} and X9={0(a1),0(as), f 0(s) ds}. (25)
0
Write down the basis functions of Py (for both sets of degrees of freedom) such that
1. p; € Po, 1 <i <3, satisfying: p;(a;) = 9,5, 1 <14,5 <3 for the set Xy;

2. q; € Po, 1 <1 <3, satisfying:

1
@) =8y and [ q(s)ds=0, (26)
fori=1,3,and j=1,3 and
1
_/0 q2(s)ds=1, and g2(a1) = g2(as) = 0. (27)

In both cases, write down the FE interpolant II(1) of a given function w € C°([0,1]).

Proof: Lets start with ¥; first. So if pi1(a;) = 1 and pi(az) = p1(as) = 0, then this implies
that pi(z) = ¢(x - 1/2)(x = 1). Plugging in a; we can find ¢; p1(0) = ¢(-1/2)(-1) = 1, hence
¢ =2. We can repeat this process for finding p» and ps, which gives us,

pi(@) =20 5)( 1)
po(x) = -4x(x-1)
p3(x) =2x(x - %)

Now for ¥y, we have ¢;(0) = 1, /01 q1(s) ds = 0 and ¢1(1) = 0. So if ¢1(z) = ax® + bx + c,
then ¢1(0) = 1 implies ¢ = 1. For the other two conditions, we have, ¢1(1) =a+b+1 =0 and
1

/01 qi1(s)ds = %a:cg + %b:cQ +z]l = za+ %b+ 1 =0. Solving this system of equations, we find b = -4

and a = 3. Again, we repeat this method for ¢ and ¢3 to find,
qi(z) =32% -4z +1
q2(z) = —6x(x-1)
g3(x) = 3% - 2.



For the FE interpolant using the degrees of freedom, Y1, we have,
Iy () = b (a1)p1 (x) + b(a2)p2(x) + b(as)ps(x)
=2w(0)(x-1/2)(z-1) —4w(1/2)x(z - 1) + 2w (1)z(x - 1/2).

Similarly, for >, we have,

ﬂxw):wmx&f-4x+n-6(£1w@)@yax-n+2wuyax_um.

b. Consider the interval [a,b], let F map [0,1] onto [a,b], and let v be given in H?(a,b).
Define II(v) by (II(v)) o F =1I(v o F'). Give the Bramble-Hilbert argument to get an estimate
in terms of h = b - a for the error

[0 = T1(0) || 2 (a,1) (28)

Explain how to modify the proof when v is less regular, e.g. v e H?(a,b).

Proof: We first transfer the integral over [a,b] to [0,1] and apply Bramble-Hilbert lemma.
We can define F' as F(§) = hé +a.

Let I map [0,1] onto [a,b] be explicitly defined by F(&) = h& + a with det(F’) = h where
h=b-a. Let ve H*(a,b). Define TI(v) by (II(v)) o F' = fi(vo F). Let II be either TI; or TI,
from part (a). This relationship of II and II can be seen with the following diagram

H3(a,b) SR Py
G (G
H3(0,1) —— P

We want to compute the norm |[v" - TI(v)'||;2(4,) on the interval [0,1]. First note that by the

chain rule
d _d¢d _1d

de  dedé hdE

Then consider,

I 1Y Baguy = [ e (0@) 1) @)
[ ‘hd{ voF)(f)—ﬂ(voF)(f))‘thf'



If we let © =v o F, then we can write,
1 rl,d . 2
/ "2 _ N N
I =T10) ooy = 5 (-1 de
1 rl,d . 2
== [ & (ad-1) (@) 4
B ) | (aa-m)| a
1 Y ()2
= EKId - H)(U)|H1(0,1)-
Then notice that |(Id - IIT)(-)| H1(0,1) 1s a sublinear functional which is exactly zero for all ¥ € Pa.

So by the Bramble-Hilbert lemma, there exists a constant ¢ such that |[(Id — ﬂ)(@)|H1(0,1) <
c|o|g3(0,1)- Therefore, by the Bramble-Hilbert lemma,

o =T sy < 3 [ il

d3 21
3 —d:n
b d3 2
a4
=ch /a dxgv‘ dzx

= ch4|v|12q3(a,b).

Thus we have,
[0" = TL(0) | 2(ap) < h[0] 53 (ap)-

Let us now consider the case where we have lower regularity on v, that is, we assume
v € H*(a,b). Let us assume that Il =T10;. The goal is to redo the previous proof and modify
it appropriately for when we have lower regularity. We now repeat the above arguments for
functions in H2(Q). So we have that

o =1 Wy = 3 fp |50~ @)
Z%fol‘d%((m-ﬁ)(@))fdg

1 =
= 211 =)@ o

‘2

dg

Then, applying the Bramble-Hilbert lemma yields

o =T [y < 3 [ \d§2




Thus our new estimate is given,

[v" = T1(v) || L2(ap) < IV 2 (ap)-
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