Applied/Numerical Qualifier Solution: January 2012

Bennett Clayton

Texas A&M University

July 21, 2021

Problem 1. Let 2 =(0,1) x (0,1), f € C°(Q) and ¢ € R with ¢ > 0. Consider the boundary
value problem

—Au+qu=fin ; (1)
u =0 on 0f. (2)

We are interested in approximating the quantity « := |, s - Vu where n is the outward unit
normal of €.

a. The boundary problem has a weak formulation: Find u € V' such that Vv e V
a(u,v) = L(v). (3)

Identify V', a(u,v) and L(v). Show that there exists a unique solution u € V' satisfying the above
weak formulation.

Solution: We multiply equation (1) by some v € V' and integrate over 2. So we have,

[—Auv+quvdw=fVu-Vv+quvd$—[ (n-Vu)vds.
Q Q o0

Since we don’t know anything about the normal derivative on the boundary, we require v|sq = 0.
Then our space is V = HJ(2) with the usual H'-norm and

a(u,v) = fQVu-VU+quv dz

L(v):[ﬂfvdx



It is easy to check that a and L are both continuous. To prove coercivity, we invoke a Poincare
inequality: [lul[z2(q) < Clulg1(q), Without proof as we have that ulpq = 0. Coercivity follows,

a(u,u) = vul? + qu? dx

Q
1,2 1,12
glul ) + 3lul @)

< %min{L%}HuH}%Il(Q)

Y4

So by the Lax-Milgram lemma, there exists a unique solution u € V' to our variational equation.
[ ]

b. Let {Tx}o<n<1 be a sequence of conforming shape-regular subdivisions of ) such that
diam(T") < h, for all T € T, and define

Vi={veC'(Q)nV |VT €Ty, v|r is linear } (4)

Write the weak formulation satisfied by the finite element approximation uy € Vj of u. Prove
that the function uy exists and is unique.

Solution: The weak formulation is, find uy € V}j, such that a(up,vn) = L(vy) for all vy, €
Vi n H&(Q) Since V}, is a subspace of V', Lax-Milgram applies again. m

c. Assume from now that u € H?(£2). Derive the error estimate

[lw = unll1 () < crbllull gz (o), ()

where c¢; is a constant independent of & and u. Hint: you can use without proof the fact that
there exists a constant C independent of h such that for any v € H?(Q)

inf |lv = vpllv < Chl[v]|g2(q)- (6)
’UhEVh
Solutions: By Cea’s lemma, we have
llw=wnllz) < Inf [lu—wvpllz @) < Chllullgzo)- (7)
UhEVh

You will need to actually prove Cea’s lemma. m



d. Show that for the constant function w(z) =1 we have
a=a(u,w) - L(w). (8)
Now let ay, := a(up, w) — L(w). Using the previous parts, show that when ¢ > 0 there holds
v = an| < e2h|[ul| 20y, (9)

where ¢y is a constant independent of h and u. What can you say about |a — | when ¢ = 07

Solution: Note that w ¢ HJ(Q2). Additionally, since u € H*(Q), u will also be a strong
solution, i.e., —Au+qu = f in . So to start, consider,

a(u,l)—L(l):fQVu-VlJrqudq:—fodq:

= -fd
quu fdx
=fAud;r
Q
:f n-vuds.
o0

Note that a straightforward method will not get the correct degree of h, consider,

la = ap| = la(u, w) - L(w) = a(up, w) + L(w)|
= |a(u — up, w)|
<M =unll g @y llwll g ()
< Chllullg2(a)-

So we need to look closer at the expressions of o and «ay,. So consider,

|a—ah|=|[ n-Vuds—[Vuh-V1+quhd:L‘+/fd:l:|

0N Q Q
:‘/QAudx—'[Qquhdx+/Qfda:‘
:|Lqudx—[2quhd$‘

< - d
Qfglu up| dx
< qllu = up||z2(q)-

Now we need to prove an L? error estimate which we will do so using the Aubin-Nitsche trick.
Consider the dual problem, find z € H}(£2) such that

a(v, z) = (v = up,v),



for all v € Hj(2). We assume full regularity, that is, |[ul|z2(q) < ClIf|l12(q). So in our dual
problem, we have ||2||2(q) < C|lu = us||z2(q)- Now, in our dual problem, take v = u - uj and
apply Galerkin orthogonality to write,

||u_uh||%2(§2) = (u—uh,u—uh) = a(u_uhaz) = CL(’LL —Up, 2 _Uh)

for all vy, € Vj,. So in particular, we can take vy, := IIpz (the projection of z onto the space V4,).
Then applying the continuity of a the result from part c. and the regularity assumption, we
have,

||~ Uh||%2(9) <M= upll g yllz = Tpzl| gy
< Chllullr2(q) - hllzllm2(0)
< CR?|[ul| 2oyl = unllr2(q),
where we have used the inequality, ||z —IIj2||g1(q) < Chl2||g2(q)- You might want to prove this
projection inequality just to be on the safe side. But I don’t want to repeat this proof which
I've done in the other exams. Dividing both sides by |lu — up|[12(q), and combining all of our

results, we have,
llw = up||r2(q) < Ch2HuHH2(Q)~

Hence
lov = aup| < CR?|[ul| g2 (-

Now if ¢ = 0, then our bilinear form becomes, a(u,v) = [ Vu- Vv dz. Computing |a — ap|,
we have,

lo —ap| = |a(u,1) = L(1) = a(up, 1) + L(1)| = 0,

since V1 =0. Thus a=ap, for ¢g=0. =

Problem 2. Let K be a polyhedron in R?, d > 1. Let h = diam(K) and define
K = {% = x/diam(K),x € K}. (10)

Show that there exists a constant ¢ solely depending on K such that for any v e H(K),

2oy < e (B2 ol gy + 2190l 2 (xc)) - (11)

Proof: We start by defining the map Tx : K — K defined by & = Tx(&) = h@. Let
Tty : € = e, with € and eg being d -1 dimensional face of the elements K and K, respectively.
Specifically, T, is defined by Tk|s. Let F and Fx denotes the faces of K and K, respectively.



Then we separate the boundary of K into its d — 1 dimensional sides, and perform a change of
variable,

2 _ 2
lollEzony = [, ()N ds

> [los) ds

eeFi
ZféKUOTeK)(é)l?%dé.

éeF | ‘

Note that |K| < Ch? and |e| < Ch*'. Hence [0K| = ¥ ocr, ] < Ch?1. Now let o := v o Tk, and
since v e H'(K), we can apply the trace inequality, (HUHL?(()I?) < C||U||H1(l?)), therefore,

||U||%2(3K) <Ch"t Y ||ﬁ||%2(é)
éeF

= Chd_l”mliQ(ak‘)

< Ch ol &)

=Chd*1(fA|ﬁ|2 di+fA|’V\@|2 di)
K K

d—llj?l 2 2 2
<Ch ﬁ(th" dm+[Kh Vof? da)
sCh‘l(f |v|2d:r:+f h2(vol? da)

K K
= C(h_IHUH%?(K) + h|v|§{1(K))'

Oy 0 ch% for i =
i

Note the change of variables for the gradient uses the fact that % = Sita
1,...,d and some constant c¢. Taking the square root of both sides, and using the inequality,
Va +b <+/a+\/b, we have the final result. Note that we have simply used C' to represent every

constant rather than keeping track of each unique constant. m

Problem 3: Let up: (0,1) - R be a given smooth initial condition and 7" > 0 be a given
final time. Let u: [0,7] x Q — R be a smooth function satisfying u(¢,0) = u(t,1) = 0 for any
te[0,T] and Yv e C([0,T) x (0,1)) :

[ty dedt [ uo(ayoo,2) de
+f0Tf01ux(t,:U)v$(t,m) dxdt+f0T/01u(t,x)v(t,x) dxdt =0

Here C2°([0,T) x (0,1)) is the space of functions belonging to C*([0,7"] x[0,1]) and compactly
supported in [0,T") x (0,1).

(12)



a. Derive the corresponding strong formulation.

Solution: We integrate the two integrals in (12) which contain derivatives in them, by parts.
This gives us

'[OT Al(ut(t, x) = Uze (t, ) + u(t,x))v(t,x) do dt = 0.

By the fundamental theorem of variational calculus, our strong formulation becomes,

Ut — Uz +u =0, for (¢,2) € (0,7]x(0,1)
u(0,x) = ug(x) (13)
u(t,0) =u(t,1) =0.

b. Let N > 0 be an integer, h = 1/N and x,, = nh, n = 0,..., N. Derive the semi-discrete
approximation of (12) using continuous piecewise linear finite elements.

Solution: Define our discrete space by,
Vh = {Q}h € CO(O, 1) : Uh|[x¢,1,:pi] € Pl, 7= 1, 2, . ,N, Uh(O) = ’Uh(l) = 0},

and equip it with the H'-norm. Note that V}, = span{y;}¥,, where ¢; are the usual Lagrange
shape functions. Define,

a(u,v) := /OTfolux(t,m)vw(t,x) +u(t,z)v(t,x) dx dt

and if we integrate the first integral in (12), we can formulate problem in a nicer way. Thus (12)
becomes, ((up)t,vn) +alup,vp) = 0.
Now for ¢t > 0, we can write our semi-discrete solution as

N
up(t) = ;Ui(t)%(ﬂf)v (14)

where the U;(t) are the unknown time dependent coefficients. Thus our semi-discrete problem
becomes: for ¢ >0, find uy(t) € V}, such that

((un)e,vn) + a(up,vp) =0 (15)

for all Vp € Vh.



find uy, € L2(0,7;V3) such that

((un)e,vn) + alup,vp) =0 (16)

for all vy € L2(0,T;V3).
Note quite sure how to formulate the problem statement.

c. In addition, let M > 0 be an integer, 7 = T'/M and t,,, = m7 for m =0,..., M. Write the
fully discrete schemes corresponding to backward Euler and forward Euler methods, respectively.

Solution: We define " := up (ty, x) where uy(t, ) is the semi-discrete representation of as
in part b. So for the backward Euler, we have

Find u’,f*l € V}, such that

um+lium 1
(" vp) +a(up™,vp) =0 Vop €V,
where ug = Upp

The forward Euler, is defined similarly,

Find «™*! € V}, such that

um+1_um
(F——",0p) +a(uy',vp) =0 Vo eV

where u% =Upp

d. Prove that the backward (implicit) Euler scheme is unconditionally stable while the
forward (explicit) Euler method is stable provided 7 < ch?, where ¢ is a constant independent of

h and 7.

Solution: To show unconditional stability of the backward Euler scheme, we test the scheme

with vy, = uJ"*! — uf". So consider,
uptt - ugy 1 1 1
(f,uzH —up') +a(uy ™ ul —upt) =0
[l ™ =i |72 + Taup ™t ) = 0



Then, since [[u**! - u}||3, > 0, we can drop that term and we are thus left with

ra(up ™ up ™t —upt) <0 e a(upup™t) <a(upt )
Using continuity of a(-,-) and the definition of a(:,-) we have the following
e s < ey gy e

Therefore we can conclude that |[uf™*!|| g1 < |[u||g1 < -+ < |Jug pl|gr- Le. the backward Euler is
unconditionally stable.
For the forward Euler, we will test with vy, = uhm+1, so we have,

UZHl - Uy’ 1 1
(%,uﬁ” )+ct(u21,uhmJr ) =0.

Rearranging this, we then apply Cauchy-Schwarz and the inverse inequality to get,

HUTHH%Z(OJ) = (uptyup™) = Taup, upt)

= (L= ) (up' up™) = 7((R)a, (up™)a)
1 1
<1 =7lllup ez o llur™ lzzo,1) + Tlub' T o, lur™ 10,1

m

C
<[1- T|HUZLHL2(O,1)Huh +1HL2(0,1) + ﬁTHU?}?”B(OJ)”“?HHL%OJ)-

Thus we have,
m+1 C m
lun ™ 20,0y < (I1 = 7]+ ﬁT)”uh 2201

Therefore, we will have stability if |1 — 7| + C7/h? < 1, hence if 0 < |1 - 7| < 1 — C7/h*. Which
confirms the CFL condition that,
T <Ch’.



