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Problem 1.

a. You may assume the inequality
||u||%11(+) <C ([|Vu|2 dz + 712) . for all ue H'(7).
T

Here 7 is the reference triangle in R?, @ denotes the mean value of u on 7 and P¥ denotes the
polynomials of (x,y) of degree at most k. Let 7 denote a general triangle in R%. Show that

||U||§11(T) < Cy {[ |Vul? dx + h%‘ﬂ}, for all u e P!
T
Here 6 denotes the minimum angle of 7 and h its diameter. Now @ denotes the mean value of

uwon 7. (You may assume, without proof, standard properties involving the dependence on 6 of
the affine map of 7 onto 7.)

Solution: Doing the standard transformation onto the reference element, we have the fol-
lowing

||u||%{1(T) =f|u|2 dac+f|Vu|2 dx
IR R
scg(ﬂ|u|2 h2dm+f%ﬁ|Vu|2 h2dz)

= Co(W||al[7 25y + T ()
() ()



Now using an add and subtract trick and using our hypothesis, we now have
[ullFriry < Colh® (a7 + B2l T oy = P2l 5y + 87 (5))
= Co(R?[allfrs 2y + (L= h®)[al771 5)
< Cy(h? f [0l di + B25%) + Co(1 - WOl o)
< Co(h[ulfyr(py + B0 + Co(1 = W) ulfp
= Ce(|u|§{1(f) + h*a?)

This completes the proof. m

b. Let Vj be the space of continuous piecewise linear functions with respect to a quasi-
uniform mesh ) = Uf-\:[ 1 Ti- Consider the one point quadrature approximation

Qr.(9) +=Inlg(b) = [ 4.

where || is the area of 7; and b; is its barycenter.
Consider the finite element problem: Find uy € V}, satisfying

An(un, @) = Fr(¢), for all ¢ € V.

Here for up, vy € Vp, Ap and Fy, are given by

N N
A(up,vn) = 3 (Qr, (Vup - Voy) + Qr, (upvn)) and Fi,(vp) = Y Qr, (fon)
- i=1

respectively. Show that

Qﬁ.(|vu|2):f|v7,b|2 and Q. ([uf?) = |2, for all u e P,

Solution: Since u is a linear polynomial, Vu is a constant function. Hence Q,(|Vul?) =
|73l Vul(b;) = I |Vul?. For |uf?, since u is linear, express u in terms of the barycentric coordi-
nates. Le. say u =aA; + bAs + cA3. Note that the center of a triangle in barycentric coordinates
is (1/3,1/3,1/3). Then we have

a+b+cl?

3

a b ¢
—+—+—| = |7

Qr(fuf®) = [rllu(bi) = il + 2 + &

Then note the identity, fn— Ajdz =|r;]/3 for j =1,2,3. So now look at the average u?,

1 2 1 a+b+c 2
|TZ~|7TL2:|Ti|(—fT'a/\1+b/\2+c)\3dx) =|n|(— —|Ti|)

|Ti| |Tz| 3
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This gives us the result.m

c. Use parts (a) and (b) above to show that the form Ay(-,-) is Vj-elliptic, i.e.,
Ap(vp,vp) 2 c||vh||12gl(9), for all vy, € V}, (1)

holds with ¢ independent of h.

Solution: From part b. we can write,
- 2 2
Ap(unyon) = 32 (Qr (IVonl*) + Qr (lunl*))
i-1

N
= (
i=1
N

>C ([|Vvh|2dx+h2|a|2).
=1 J7i

[ 1ven? o+ rilal?)

Ti

Thus from part a. we have

N
An(on o) 2 C Y ol iy = Clival .
=1

Problem 2. Let Q be a convex polygonal domain of R%. Given f € L?(Q), we denote by
u € H}(Q) the solution of the Poisson problem:

-Au=fin , w=0 on 0. (2)

We note that u satisfies full elliptic regularity, i.e., u € H2(Q).

We consider a non conforming finite element method to approximate u. Let {7 }o<n<1 be
a sequence of conforming shape regular subdivisions of Q such that diam(7") < h. Denote by
X}, the spaces of continuous, piecewise linear polynomials subordinate to the subdivisions 7y,
0<h<1.

The numerical method consists of finding uy, € X}, such that for all vy, € Xp:

(6%
ah(uh,vh) ::fQVu;vah—/aQ@,,uhvthE'[(muhvh:fovh.
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Here v denotes the outward pointing unit normal (defined almost everywhere), d,u := Vu-v and
a >0 is a constant yet to be determined. Note that X, ¢ HJ(2) but X, c H'()

a. Explain why ay,(u,v;,) makes sense for any vy, € X} and show Galerkin orthogonality, i.e.,

ap(u—up,vp) =0, for all vy € Xj. (3)

Proof: Since u € H*(Q2), Vu on Q is well defined, u is also in Hg(£2) so the integral term
of u on 9 will vanish, which is fine. Lastly, we might have an issue with d,u on 9f2, but since
ue H?, we know the trace exists for the Vu. Le. [|Vul|200) < ClIVullgi(q) < Cllullzq)- Thus
ap(u,v,) makes sense for every vy, € Xp.

Now onto Galerkin orthogonality. It is enough to show that u is also a solution to the finite
element problem ap,(-,vy) = f(vy). So consider

o
ah(u,vh)=fQVu-Vvh—fan'?yuvh+E](;quh
:—[Auvh+[ ayuvh—[ Oyuvy, + 0
Q 99 99
:—fAuvh
Q
=foUh

Thus we have Galerkin orthogonality. m

b. For any vy, € X}, define the mesh dependent norm

o 1/2
ot = (Ivenlacay + lenlEacony ) (4)

Show that there exists a constant ¢y independent of A such that for all v, € X},

2 _Co f 2
< — . 5
/aQIVth h levh| (5)

Using this fact, deduce that for all vy, € X,

1
ap(vp,vp) > §||Uh||%’ (6)

provided « > ¢g.



Solution: Let e be an edge on 0€2, which corresponds to an edge of a triangle in 7. Then

consider the following
2 2
Vop|” = E f Vv
-/8\Q | h| ecaﬂ e | h|

1L
<e ¥ [0l ndi
econ 70 h

c SN
<= ) IV onll720.1
ecof)

C N
<= 3 VORIl s o
hecBQ LQ(BT)

Now, notice that V4, is constant on T so, we can apply the trace inequality. This gives us,

C ~
IVopPdz < — > [[Vou|l%,,
fc’m h 550 HY(T)
c 2

== 2 IIVOnllj24
h eczjaQ L2(1)

C
<= 2 Vonllzaer
hTeTh ()

=%fQ|Vvh|2d:c

For the coercivity, we start by applying Cauchy-Schwartz in the reverse direction, we have
_ 2 _ o 2
an(onyon) = [Vonlaey = [ Bunon+ SlonlBacony

2 o 2
> |[Vunllz2q) = IVonllz o) llvrllL2 o) + EHUhHL?(aQ)
co «
> [[VoullZ 20y =1/ E||Vvh||L2(Q)||Uh||L2(aQ) + EHUhH%?(aQ)
1 a a
2 ||Vvh||%2(sz) - §||Vvh||%2(ﬂ) - %||Uh||%2(asz) + E”U’ZH%Q(BQ)

1 a

= _(vahH%?(Q) + —”UhH%%aQ))
2 h
1

= Slnl.

This completes the proof. m

c. Let I}, denote the Lagrange finite element interpolation operator associated with Xj. You
may use the following estimate without proof: For ¢ =1,2,

o(u - Ihu
|2 <ol ™)
z;

L2(e)
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Take « = ¢p and derive an optimal error estimate for ||u — wup||5.

Solution: We will first start by showing that aj is continuous with respect to the norm
|- ||n- So consider,

0
ah(vh,zh)szvh-Vzh—f ﬁzhd5+gf vpzp ds
Q o0 on h Joq

(6%
< |vnl g lznl ) + [1Vonllz ooy 20l 2 00) + E||Uh||L2(asz)||zh||L2(aQ)
Co (0%
< |vnl g oylznl o) + ﬁ||vvh||L2(Q)||Zh||L2(BQ) + EHUhHLQ(BQ)||Zh||L2(BQ)

(6% (0%
< ||UhHh\Zh’H1(Q) + (||VUhHL2(Q) + Eth”U(@Q)) EHZhHLz(@Q)
[0
< lonlllzalir oy + V2 enlly/ S lzn o
< 2|lvnllnlznlln-

Note, we have used the inequality a + b < /2Va2 + b2 in the above argument. Thus ay is
continuous with respect to the norm || -||p.

Now we will derive Strang’s first lemma for our problem. Using the fact that ap(up,vp) =
L(vp,) for all vy, € Xj, where L(vp,) = [, fon, we can write,

an(un = zn,vn) = a(u = zp,vp) + L(vp) = a(u,vp).
Then if we substitute vy = up — 25, we can apply coercivity and continuity to write,
1 2
Sllun = znllh < an(un = zn,un = 21)
< 2w = zpllallun = zulln + [1LC) = alu, )l pllun = 24lln-
We then divide by ||up — 2|, and rewrite the inequality as,
lltn = znlln < 4llu = 2zn[ln + 2/ L() = alu, )]l n-

But from part a. we know that a(u,vp) = L(vy) for every vy, € X3, hence ||L(-) — a(u,-)||+,» = 0.
Therefore, our inequality becomes,

llun = znl|n < 4flu = 24/|n-
Using this inequality, we can estimate our error as,
Il = unlln < llw = znlln + [Jun = 2nlln < 5llw = 2|5
Since this holds for any zj € X}, we can take the infimum, and our inequality becomes,

lu=unlln <5 inf [fu—znls.
ZhEXh
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Now we can proceed using the standard methods of error estimation by using the interpola-
tion of our solution u, i.e., we have,

lu—uplln <5 inf [ju—zp|ln < 5[lu - Ipul|p.
ZheXh
Now consider,

co
llu = Tyull = 1V (u = Tyu) 220y + EHU - InullZ2 0y

co
= ||V(U_Ihu)”2m(7-)+ﬁ > ||U_Ihu||2L2(e)'
T€Th eco

For ||V (u - Ihu)|7. () We use the normal methods of transfering to the reference element and
applying Bramble-Hilbert to get that, ||V(u - Ihu)||%2(7) < Ch2|u|§{2(7). So lets look at the
boundary term,
o 2 Nl dhedffay <5 3 Chlla= Dudlliage
h ecof) h ecof)
<C Y o= Iyillaz
ecof2

<C Y alfery
T€Th

SChQ Z |Uﬁ_]2(7_)
T€Th
= CP?|ulf (-

Therefore,

o~ Tyl < Chlul e,
Thus,

o~ unll < Chlulizaqon,
]

Problem 3. Given the boundary value problem: find u(z,t) such that

2
%zm%—b(z)%+f(w),0<x<l,0<tST,
w(0,t) =0, u(1,t)=0,0<t<T

u(z,0)=v(x), 0<z <1,

where s = const >0, b(x) € C°[0,1], v(x), and f(x) are given smooth functions Let x; = ih with
h=1/N and t, =n7, with n=0,1,...,J and (time step size) 7=T/J.



a. Write down a forward (explicit) Euler fully discrete scheme for the above problem based
on a finite difference discretization in space which upwinds the b(z) term.

Solution: Let U = u(z;,,). Then our finite difference discretization is

urtt —gyn ur,-20"+U" ur-u? ur,-U?
J N J+1 J 31_(b+($) J - ]71+b_(:1;) J+1h J )+f(33)

(8)

T h?

where we have

b () - {b(x) if b(z) >0 b (2) - {Z(x) if b(z) <0

. ) .
0 otherwise otherwise

b. Find a Courant (CFL) condition and show that if this condition is satisfied,
1T H oo < 1T oo + TLf (tn)lloo-

Here U™ is the approximation at ¢, of part a.

Solution: Let’s rewrite our discretization in a. as follows,

h? h

Uﬂ”:(m Tb*(a:j)) . +(1_2T/<_Tb+($j)+be($j))Un+(m+Tb+(xj))U" +7f(x5).

J g+l 12 h h J 12 h j-1

Notice the coefficients of U ;LH and UJ”_1 are both positive. So if we have,

2r  b(xy) b7(x))

T ﬁ h h )S].,
then,
n+l 76 Tb (x5) n 27k 10 (x;) 1O (x5) "
bt (z;
(8 Dy e,

which simplifies to
10" oo < 10" lloo + 711 lloo-

Now note that b*(z;) — b~ (z;) = [b(x;)|. So we can derive our CFL condition, so we can write,

<1.

k |b(x;
(25
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This can be rewritten as,
h2
<—.
2k + h|b(x;)|
Since this needs to hold for every z;, our CFL condition must be,
h2
<—.
2k + h||b||co

c. Define the fully discrete method but with backward (implicit) Euler time stepping and
show that this scheme is unconditionally stable, i.e., prove that for any positive 7,

1T oo < 10" loo + TILf (1) lloo- 9)

Solution: The backward Euler is given by,

n+1 n n+1 n+1 n+1 n+1 n+1 n+1 n+1
Uit -Uj UJ++1 205 + Upt —bJr(:L'-)—jJr — U —b_(x-)'Uj++1 U
- B2 J h J h

+7f(x)).

This can be rewritten as,

1 = 7-|b ’ Un+1 UTL _ E _ Tb UTL+1 E b;
(+h2 h) j_(hQ h)j+1 (hz h) [T f ().

Now applying triangle inequality, we have,

2k T|bj] w KT TOS
(L S5+ OO <07+ (55 = =7 ]+1|+(_+_)| UZ |+ 714l
h h h
n kr T n kT Tb n
<|lU ||oo+(ﬁ——j)||U Moo + (ﬁ+—)||U Moo + 711 flloo
n 2KT 7'|b| n
= [[U™oo + (=5 o LT ™ oo + 711 flloo

Since this must hold for every j, we thus have,

1T oo < U™ leo + 71 lleo



